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BOUNDEDNESS OF CLASSICAL OPERATORS ON
REARRANGEMENT-INVARIANT SPACES
DAVID E. EDMUNDS, ZDENEˇK MIHULA, VI´T MUSIL AND LUBOSˇ PICK
Abstract. We study the behaviour on rearrangement-invariant (r.i.) spaces of such classical operators of
interest in harmonic analysis as the Hardy-Littlewood maximal operator (including the fractional version),
the Hilbert and Stieltjes transforms, and the Riesz potential. The focus is on sharpness questions, and we
present characterisations of the optimal domain (or range) partner spaces when the range (domain) is fixed.
When an r.i. partner space exists at all, a complete characterisation of the situation is given. We illustrate
the results with a variety of examples of sharp particular results involving customary function spaces.
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1. Introduction
Given function spaces X,Y and an operator T that maps X boundedly into Y , it is natural to ask whether
there is a space bigger than X that is also mapped boundedly by T into Y , or a space smaller than Y into
which T maps X boundedly.
Such questions have been attracting a great deal of attention for many years, in particular in connection
with embeddings of Sobolev spaces, see, for example [6, 16, 25, 24, 29, 37, 47, 50, 49, 51, 72, 73, 74]. By way
of illustration we consider a particularly simple Sobolev embedding. Let Ω be a bounded open subset of Rn,
let p ∈ [1, n) and put p∗ = np/(n− p). It is classical that, in standard notation, the Sobolev space W 1,p0 (Ω)
is embedded in Lp
∗
(Ω). Can W 1,p0 (Ω) be embedded in a space smaller than L
p∗(Ω)? Is there a space larger
than W 1,p0 (Ω) that can be embedded in L
p∗(Ω)? To make such questions sensible the class of competing
spaces must be specified. If we restrict ourselves to Lebesgue spaces as targets and domain spaces that are
Sobolev spaces based on Lebesgue spaces, then the embedding W 1,p0 (Ω) →֒ Lp
∗
(Ω) is optimal in the sense
that neither the domain nor the target space can be improved. This leaves open the question of optimality
in classes of spaces wider than those involving the Lebesgue scale. If the class of admissible target spaces
is taken to be that of rearrangement-invariant (r.i.) spaces, then the optimal range space turns out to be
the Lorentz space Lp
∗,p(Ω); there is a similar improvement of the domain space, involving a Sobolev space
based on a Lorentz rather than a Lebesgue space.
The first results in this direction were obtained in [34] in connection with rearrangement-invariant quasi-
norms. Further extensions concerning r.i. norms were added later in several papers, for instance [45, 46].
A comprehensive treatment of optimal Sobolev embeddings on Euclidean domains equipped with general
measures having specific isoperimetric properties was given in [23].
Embeddings are not the only maps for which such questions are of interest and importance. The optimality
of r.i. spaces on which the Laplace transform L acts boundedly was studied in a recent paper [12]. A special
case of the results obtained is that if p ∈ (1,∞) and q ∈ [1,∞], then L maps the Lorentz space Lp,q(0,∞)
boundedly into Lp
′,q(0,∞), a fact which we denote by L : Lp,q(0,∞) → Lp′,q(0,∞). Moreover, both the
domain and target spaces are optimal: there is no r.i. space smaller than Lp
′,q(0,∞) into which L maps
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Lp,q(0,∞), and there is no r.i. space larger than Lp,q(0,∞) mapped by L into Lp′,q(0,∞). Thus in particular
L : Lp(0,∞) → Lp′,p(0,∞) and the spaces involved form an optimal pair; if p > 2, there is no q for which
L : Lp(0,∞)→ Lq(0,∞).
In the present paper we discuss such problems for classical operators of great interest in analysis and
its applications, namely the Hilbert and Stieltjes transforms, the Riesz potential and various versions of
the maximal operator. The action of these operators on specific classes of function spaces has been exten-
sively studied over several decades. Classical results are available for example in connection with familiar
function spaces. The 1970s experienced a real boom of this theory involving weighted Lebesgue spaces and
fundamental papers were written ([54, 65] for the Hardy–Littlewood maximal operator, [55] for singular and
fractional integrals, [26, 44, 56] for the Hilbert transform). Later it became apparent that Lebesgue spaces
are not sufficient for describing all the important situations and other function spaces were investigated.
Classical Lorentz spaces which originated in the 1950s and have been occurring occasionally later (see [3, 9])
became extremely fashionable in the 1990s when the fundamental papers [2, 66] appeared. Various impor-
tant and deep results were obtained, see for example [1, 13, 14, 15, 19]. Orlicz spaces which generalize
Lebesgue’s scale in a direction essentially different from Lorentz spaces, received much attention too, see for
instance [4, 5, 17, 18, 20, 39, 57]. The results naturally found their way into important monographs that
are considered classic these days, see [27, 32, 40, 52, 63, 68, 69, 70]. Let us point out that, in particular, in
the monograph [52], among plenty of other fundamental results, the significance of the connection between
embeddings and integral operators is explained in great detail.
On the other hand, surprisingly little attention has been paid to the sharpness of the results, perhaps
with an exception of results in different direction on optimality obtained e.g. in [31, 67] and the references
therein, where operators related to the Hardy averaging operator are studied, see also [28]. Optimal range
spaces for Caldero´n operators are studied in the recent paper [71].
In this paper we study the behaviour of classical operators on r.i. spaces, a class of function spaces that
includes for example all Lebesgue, Lorentz, Orlicz, Lorentz-Zygmund spaces and more. Our focus is mainly
on the optimality of function spaces.
We use the Hardy-Littlewood maximal operator M to illustrate the results obtained and serve as an
appetiser for the forthcoming attractions. Let X be an r.i. space over Rn with associate space X ′; denote by
X ′(0,∞) the representation space of X ′ and suppose that the function ψ given by ψ(t) = χ(0,1)(t) log(1/t)
belongs to X ′(0,∞). Let Y ′ be the set of all f such that
̺(f) =
∥∥∥∥∫ ∞
t
f∗(s)s−1 ds
∥∥∥∥
X′(0,∞)
<∞.
Endowed with the norm ̺, Y ′ is an r.i. space with associate space Y that not only has the property that
M : X → Y , but is also the optimal range space corresponding to X. If ψ /∈ X ′(0,∞), there is no r.i. space
Z over Rn such that M : X → Z.
The situation turns out to be considerably more complicated in the case of the fractional maximal operator,
another classical operator of harmonic analysis. The reason is that the appropriate analogue of the Riesz–
Wiener–Herz inequality for the fractional maximal operator leads to an inevitable involvement of a supremum
type operator, rather than just an integral mean. Supremum operators are not linear and in general are
less manageable than their integral companions. However, using a fine analysis combining known and new
techniques and various delicate estimates we are able to characterize the optimal range space for this operator
as well. Since the general resulting condition is however naturally not so simple as in the case of the operator
M , we include another, simpler characterization, available under a rather mild extra assumption. We also
include an interesting and perhaps somewhat surprising result describing a vital link between optimality
properties of a space and boundedness of a supremum operator on its associate space that leads to a self-
explanatory characterization of the above-mentioned extra condition. This part of the paper is one of the
most innovative ones.
We finally consider two other classical operators of harmonic analysis, namely the Hilbert transform and
the Riesz potential. The importance of these operators is very well known, and their properties have been
deeply studied. Our contribution is the characterization of the optimality of the spaces involved. In case
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of the Hilbert transform we use the Stieltjes transform as the appropriate tool and obtain characterizations
for it as well.
For each of the operators considered, we are also able to nail down the optimal domain partner when the
range space is fixed, this task being in general slightly simpler than the converse one. To establish all this,
a combination of new techniques developed here with those from [23, 34] and [45] is used.
We illustrate the results obtained with variety of nontrivial examples. For instance, we recover the
well-known fact that
M : L(logL)α(Q)→ L(logL)α−1(Q)
when α ≥ 1, Q ⊂ Rn is a cube of finite measure and L(logL)α(Q) is the classical Zygmund class defined
as the collection of all measurable functions g on Q satisfying
∫
Q |g(x)|(log(1 + |g(x)|)αdx < ∞, but we
add the information that the range space cannot be improved in any way when the competing spaces are
rearrangement invariant. Similar examples are even more interesting when the functions act on a set of
unbounded measure, say, Rn. We will for example prove that if X is the space equipped with the norm
‖f‖X =
∫∞
0 f
∗(t)w(t) dt, where
w(t) = (1− log t)α0χ(0,1) + (1 + log t)α∞χ[1,∞)
and α0 ≥ 1 and α∞ ∈ [−1, 0], then the optimal (smallest possible) r.i. range space Y such that
M : X(Rn)→ Y (Rn)
is the space whose associate space has norm
‖f‖ = sup
0<t<∞
w(t)−1
∫ ∞
t
f∗(s)
ds
s
, f ∈M+(Rn).
Such results have not been available before, and the latter norm cannot be identified with any customary
known one.
We get analogous sets of examples for other operators, too. For example in the case of the fractional
maximal operator we essentially improve some results from earlier papers such as [33, 35, 36, 60].
2. Preliminaries
In this section we collect all the background material that will be used in the paper. We start with the
operation of the nonincreasing rearrangement of a measurable function.
Throughout this section, let (R,µ) be a σ-finite nonatomic measure space. We set
M(R,µ) = {f : f is a µ−measurable function on R with values in [−∞,∞]},
M0(R,µ) = {f ∈M(R,µ) : f is finite µ-a.e. on R}
and
M+(R,µ) = {f ∈M(R,µ) : f ≥ 0}.
The nonincreasing rearrangement f∗ : [0,∞)→ [0,∞] of a function f ∈M(R,µ) is defined as
f∗(t) = inf{λ ∈ (0,∞) : µ({s ∈ R : |f(s)| > λ}) ≤ t}, t ∈ [0,∞).
The maximal nonincreasing rearrangement f∗∗ : (0,∞)→ [0,∞] of a function f ∈M(R,µ) is defined as
f∗∗(t) =
1
t
∫ t
0
f∗(s) ds, t ∈ (0,∞).
If |f | ≤ |g| µ-a.e. in R, then f∗ ≤ g∗. The operation f 7→ f∗ does not preserve sums or products of functions,
and is known not to be subadditive. The lack of subadditivity of the operation of taking the nonincreasing
rearrangement is, up to some extent, compensated by the following fact [8, Chapter 2, (3.10)]: for every
t ∈ (0,∞) and every f, g ∈M(R,µ), we have∫ t
0
(f + g)∗(s) ds ≤
∫ t
0
f∗(s) ds+
∫ t
0
g∗(s) ds.(2.1)
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This inequality can be also written in the form
(f + g)∗∗ ≤ f∗∗ + g∗∗.(2.2)
A fundamental result in the theory of Banach function spaces is the Hardy lemma [8, Chapter 2, Proposi-
tion 3.6] which states that if two nonnegative measurable functions f, g on (0,∞) satisfy∫ t
0
f(s) ds ≤
∫ t
0
g(s) ds
for all t ∈ (0,∞), then, for every nonnegative nonincreasing function h on (0,∞), one has∫ ∞
0
f(s)h(s) ds ≤
∫ ∞
0
g(s)h(s) ds.
Another important property of rearrangements is the Hardy-Littlewood inequality [8, Chapter 2, Theo-
rem 2.2], which asserts that, if f, g ∈M(R,µ), then∫
R
|fg|dµ ≤
∫ ∞
0
f∗(t)g∗(t) dt.(2.3)
If (R,µ) and (S, ν) are two (possibly different) σ-finite measure spaces, we say that functions f ∈M(R,µ)
and g ∈M(S, ν) are equimeasurable, and write f ∼ g, if f∗ = g∗ on (0,∞).
A functional ̺ : M+(R,µ) → [0,∞] is called a Banach function norm if, for all f , g and {fj}j∈N in
M+(R,µ), and every λ ≥ 0, the following properties hold:
(P1) ̺(f) = 0 if and only if f = 0; ̺(λf) = λ̺(f); ̺(f + g) ≤ ̺(f) + ̺(g) (the norm axiom);
(P2) f ≤ g a.e. implies ̺(f) ≤ ̺(g) (the lattice axiom);
(P3) fj ր f a.e. implies ̺(fj)ր ̺(f) (the Fatou axiom);
(P4) ̺(χE) <∞ for every E ⊂ R of finite measure (the nontriviality axiom);
(P5) if E is a subset of R of finite measure, then
∫
E f dµ ≤ CE̺(f) for some positive constant CE, depending
on E and ̺ but independent of f (the local embedding in L1).
If, in addition, ̺ satisfies
(P6) ̺(f) = ̺(g) whenever f∗ = g∗(the rearrangement-invariance axiom),
then we say that ̺ is an r.i. norm.
If ̺ is an r.i. norm, then the collection
X = X(̺) = {f ∈M(R,µ) : ̺(|f |) <∞}
is called a rearrangement-invariant space (r.i. space for short), corresponding to the norm ̺. We shall write
‖f‖X instead of ̺(|f |). Note that the quantity ‖f‖X is defined for every f ∈M(R,µ), and
f ∈ X ⇔ ‖f‖X <∞.
With any r.i. norm ̺ is associated another functional, ̺′, defined for g ∈M+(R,µ) as
̺′(g) = sup
{∫
R
fg dµ : f ∈M+(R,µ), ̺(f) ≤ 1
}
.
It turns out that ̺′ is also an r.i. norm, which is called the associate norm of ̺. Moreover, for every r.i. norm
̺ and every f ∈M+(R,µ), we have (see [8, Chapter 1, Theorem 2.9])
̺(f) = sup
{∫
R
fg dµ : g ∈M+(R,µ), ̺′(g) ≤ 1
}
.
If ̺ is an r.i. norm, X = X(̺) is the r.i. space determined by ̺, and ̺′ is the associate norm of ̺, then the
function space X(̺′) determined by ̺′ is called the associate space of X and is denoted by X ′. We always
have (X ′)′ = X, and we shall write X ′′ instead of (X ′)′. Furthermore, the Ho¨lder inequality∫
R
fg dµ ≤ ‖f‖X‖g‖X′
holds for every f, g ∈M(R,µ).
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An important consequence of the Hardy lemma, which plays a crucial role in the theory of rearrangement-
invariant spaces, is the Hardy–Littlewood–Po´lya principle [8, Chapter 2, Theorem 4.6] which asserts that if
two functions f, g satisfy the so-called Hardy–Littlewood–Po´lya relation, defined by∫ t
0
f∗(s)ds ≤
∫ t
0
g∗(s)ds, t ∈ (0,∞),
and sometimes denoted by f ≺ g in the literature, then ‖f‖X ≤ ‖g‖X provided that the underlying measure
space is resonant. We note that throughout this paper we work solely on nonatomic measure spaces, which
are resonant by [8, Chapter 2, Theorem 2.7].
For every r.i. space X over the measure space (R,µ) there exists a unique rearrangement-invariant
space X(0, µ(R)) over the interval (0, µ(R)) endowed with the one-dimensional Lebesgue measure such
that ‖f‖X = ‖f∗‖X(0,µ(R)). This space is called the representation space of X. This follows from the Lux-
emburg representation theorem [8, Chapter 2, Theorem 4.10]. Throughout this paper, the representation
space of an r.i. space X will be denoted by X(0, µ(R)). It will be useful to notice that when R = (0,∞)
and µ is the Lebesgue measure, then every X over (R,µ) coincides with its representation space.
If ̺ is an r.i. norm and X = X(̺) is the r.i. space determined by ̺, we define its fundamental function,
ϕX , for every t ∈ [0, µ(R)) by ϕX(t) = ̺(χE), where E ⊂ R is such that µ(E) = t. The properties of
r.i. norms and the fact that the underlying measure space is nonatomic guarantee that the fundamental
function is well defined. Moreover, one has
ϕX(t)ϕX′(t) = t, t ∈ [0, µ(R)).(2.4)
Let X and Y be r.i. spaces over (0,∞) and let I : [0,∞)→ [0,∞) be a nondecreasing function. Then∥∥∥∥∫ ∞
t
f(s)
I(s)
ds
∥∥∥∥
Y (0,∞)
≤ C1‖f‖X(0,∞) for every f ∈M+(0,∞)(2.5)
holds true with some positive constant C1 if and only if∥∥∥∥∫ ∞
t
g(s)
I(s)
ds
∥∥∥∥
Y (0,∞)
≤ C2‖g‖X(0,∞) for every nonincreasing g ∈M+(0,∞)(2.6)
is valid with some positive constant C2. This result originated as a consequence [23, Corollary 9.8] of a
more general principle established in [23, Theorem 9.5] in connection with sharp higher-order Sobolev-type
embeddings and its extension to unbounded intervals was given in [61, Theorem 1.10].
An important corollary of the Hardy–Littlewood inequality (2.3) is the fact that if f is a nonincreasing
function on (0,∞) and X is an r.i. space over (0,∞), then in fact one has
‖f‖X(0,∞) = sup
{∫ ∞
0
g∗(t)f(t) dt : ‖g‖X′(0,∞) ≤ 1
}
.(2.7)
In other words, for such f , the supremum can be reduced to nonincreasing functions only without any loss
of information. This fact has deep consequences and will be used in the proofs below.
For each a ∈ (0,∞), let Da denote the dilation operator defined on every nonnegative measurable function
f on (0,∞) by
(Daf)(t) = f(at), t ∈ (0,∞).
The operator Da is bounded on every rearrangement-invariant space over (0,∞) (hence in particular on the
representation space of any r.i. space over an arbitrary adequate measure space). More precisely, if X is any
given r.i. space over (0,∞) with respect to the one-dimensional Lebesgue measure, then we have
‖Daf‖X ≤ C‖f‖X , f ∈ X,
with C ≤ max{1, 1a}. For more details, see [8, Chapter 3, Proposition 5.11].
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Among basic examples of function norms are those associated with the standard Lebesgue spaces Lp. For
p ∈ (0,∞], we define the functional ̺p by
̺p(f) = ‖f‖p =
{(∫
R f
p dµ
) 1
p if 0 < p <∞,
ess supR f if p =∞
for f ∈M+(R,µ). If p ∈ [1,∞], then ̺p is an r.i. norm.
If 0 < p, q ≤ ∞, we define the functional ̺p,q by
̺p,q(f) = ‖f‖p,q =
∥∥∥s 1p− 1q f∗(s)∥∥∥
q
for f ∈M+(R,µ). The set Lp,q, defined as the collection of all f ∈M(R,µ) satisfying ̺p,q(|f |) <∞, is called
a Lorentz space. If either 1 < p < ∞ and 1 ≤ q ≤ ∞ or p = q = 1 or p = q = ∞, then ̺p,q is equivalent to
an r.i. norm in the sense that there exists an r.i. norm σ and a constant C, 0 < C < ∞, depending on p, q
but independent of f , such that
C−1σ(f) ≤ ̺p,q(f) ≤ Cσ(f).
As a consequence, Lp,q is considered to be an r.i. space for these cases of p, q, see [8, Chapter 4]. If either
0 < p < 1 or p = 1 and q > 1, then Lp,q is a quasi-normed space. If p =∞ and q <∞, then Lp,q = {0}. For
every p ∈ [1,∞], we have Lp,p = Lp. Furthermore, if p, q, r ∈ (0,∞] and q ≤ r, then the inclusion Lp,q ⊂ Lp,r
holds.
If A = [α0, α∞] ∈ R2 and t ∈ R, then we shall use the notation A+ t = [α0 + t, α∞ + t].
Let 0 < p, q ≤ ∞, A = [α0, α∞] ∈ R2 and B = [β0, β∞] ∈ R2. Then we define the functionals ̺p,q;A and
̺p,q;A,B on M+(R,µ) by
̺p,q;A(f) =
∥∥∥t 1p− 1q ℓA(t)f∗(t)∥∥∥
Lq(0,∞)
and
̺p,q;A,B(f) =
∥∥∥t 1p− 1q ℓA(t)ℓℓB(t)f∗(t)∥∥∥
Lq(0,∞)
,
where
ℓA(t) =
{
(1− log t)α0 if t ∈ (0, 1),
(1 + log t)α∞ if t ∈ [1,∞)
and
ℓℓB(t) =
{
(1 + log(1− log t))β0 if t ∈ (0, 1),
(1 + log(1 + log t))β∞ if t ∈ [1,∞).
The set Lp,q;A, defined as the collection of all f ∈ M(R,µ) satisfying ̺p,q;A(|f |) < ∞, is called a Lorentz–
Zygmund space, and the set Lp,q;A,B, defined as the collection of all f ∈ M+(R,µ) satisfying ̺p,q;A,B(|f |) <
∞, is called a generalized Lorentz–Zygmund space. The functions of the form ℓA, ℓℓB are called broken
logarithmic functions. The spaces of this type proved to be quite useful since they provide a common roof
for many customary spaces. These include not only Lebesgue spaces and Lorentz spaces, but also all types
of exponential and logarithmic Zygmund classes, and also the spaces discovered independently by Maz’ya
(in a somewhat implicit form involving capacitary estimates [52, pp. 105 and 109]), Hansson [42] and Bre´zis–
Wainger [10] who used it to describe the sharp target space in a limiting Sobolev embedding (the spaces
can be also traced in the works of Brudnyi [11] and, in a more general setting, Cwikel and Pustylnik [30]).
One of the benefits of using broken logarithmic functions consists in the fact that the underlying measure
space can be considered to have either finite or infinite measure. For the detailed study of generalized
Lorentz–Zygmund spaces we refer the reader to [35, 36, 60, 62].
We further define the spaces L(p,q;A) through the functionals ̺(p,q;A) given on M+(R,µ) by
̺(p,q;A)(f) =
∥∥∥t 1p− 1q ℓA(t)f∗∗(t)∥∥∥
Lq(0,∞)
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and, in an analogous way, all the other spaces involving various levels of logarithms.
Let X and Y be r.i. spaces over possibly different measure spaces (R,µ) and (S, ν), respectively, and let
T be an operator defined on X with values in M(S, ν). We say that T is bounded from X to Y , a fact which
is denoted by T : X → Y , if there exists a positive constant C such that
‖Tf‖Y ≤ C‖f‖X , f ∈ X.
In an important special case when T is the identity operator, we say that X is embedded into Y and write
X →֒ Y . If T ′ is another operator defined at least on Y ′ with values in M(R,µ) and such that∫
R
(Tf)g dµ =
∫
S
f(T ′g) dν(2.8)
for every f ∈ X and g ∈ Y ′, then T : X → Y is equivalent to T ′ : Y ′ → X ′.
Let P and Q be the integral operators defined by
(Pf)(t) =
1
t
∫ t
0
f(s) ds, t ∈ (0,∞),
and
(Qf)(t) =
∫ ∞
t
f(s)
ds
s
, t ∈ (0,∞),
for those functions on f ∈ M0(0,∞) for which the respective integrals have sense. As an interchange of
integration shows, ∫ ∞
0
(Pf)(t)g(t) dt =
∫ ∞
0
f(t)(Qg)(t) dt,
for all f and g for which the integrals make sense. Hence, the operators P and Q are formally adjoint with
respect to the L1-pairing and therefore satisfy a relation in the spirit of (2.8). As a consequence, one has
the equivalence
P : X → Y ⇔ Q : Y ′ → X ′(2.9)
for every pair of r.i. spaces X,Y over (0,∞) (with the same operator norm). Another important example is
that when (R,µ) is arbitrary and both T and T ′ are identity operators. Then (2.8) is trivially satisfied and,
as a consequence, one gets
X →֒ Y ⇔ Y ′ →֒ X ′(2.10)
for every pair of r.i. spaces X,Y , again with the same embedding constant, see [8, Chapter 1, Proposi-
tion 2.10].
We will say that an r.i. space Y over (S, ν) is a range partner for a given r.i. space X over (R,µ) with
respect to a sublinear operator T if T : X → Y . We say that Y is the optimal range partner for X if one
has Y →֒ Z for every range partner Z for X with respect to T . We analogously define a domain partner
and the optimal domain partner, that is, the largest possible domain space.
Throughout the paper the convention that 1∞ = 0, and 0 · ∞ = 0 is used without further explicit
reference. We write A ≈ B when the ratio A/B is bounded from below and from above by positive
constants independent of appropriate quantities appearing in expressions A and B.
3. The Hardy-Littlewood maximal operator
In this section, the relevant r.i. spaces are considered over Rn endowed with the n-dimensional Lebesgue
measure. The Lebesgue measure of a measurable set E ⊂ Rn will be denoted by |E|.
The Hardy–Littlewood maximal operator, M , is defined for every locally integrable function f on Rn and
every x ∈ Rn by
Mf(x) = sup
Q∋x
1
|Q|
∫
Q
|f(y)|dy,
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where the supremum is extended over all cubes Q ⊂ Rn, whose edges are parallel to the coordinate axes of
R
n, that contain x.
The operator M is merely sublinear, rather than linear, and it is clearly a contraction on L∞. On the
other hand, Mf is never integrable unless f ≡ 0. For every locally-integrable function f on Rn, one has
|f | ≤ Mf almost everywhere. The most important information (for our purpose) concerning the operator
M , now classical, states that there exist positive constants c, c′, depending only on n, such that
c(Mf)∗(t) ≤ f∗∗(t) ≤ c′(Mf)∗(t), t ∈ (0,∞),(3.1)
for every locally integrable function f on Rn. The first inequality in (3.1) was established during the 1930s
in works of R.M. Gabriel [38], F. Riesz [64] and N. Wiener [75], while the second was added later through
the efforts of C. Herz [43] (for one dimension) and C. Bennett and R. Sharpley [7] (for higher dimensions).
The result is summarized and proved in [8, Chapter 3, Theorem 3.8].
We shall now state the first principal result of this section, in which we characterize the optimal range
partner to a given space with respect to the operator M .
Theorem 3.1. Let X be an r.i. space over Rn such that
ψ ∈ X ′(0,∞),(3.2)
where ψ(t) = χ(0,1)(t) log
1
t , t ∈ (0,∞). Define the functional σ by
σ(f) =
∥∥∥∥∫ ∞
t
f∗(s)
ds
s
∥∥∥∥
X′(0,∞)
, f ∈M+(Rn).
Then σ is an r.i. norm and
M : X → Y,(3.3)
where Y = Y (σ′). Moreover, Y is the optimal (smallest) r.i. space for which (3.3) holds.
Conversely, if (3.2) is not true, then there does not exist an r.i. space Y for which (3.3) holds.
We now turn our attention to the question of the optimal domain space when the target space is prescribed.
This situation is considerably simpler than the reverse one as no associate norms need to be involved.
Theorem 3.2. Let Y be an r.i. space over Rn such that
ψ ∈ Y (0,∞),(3.4)
where ψ(t) = min{1, 1t } for t ∈ (0,∞). Define the functional ̺ by
̺(f) = ‖f∗∗‖Y (0,∞), f ∈M+(Rn).
Then ̺ is an r.i. norm and (3.3) is satisfied, where X = X(̺). Moreover, X is the optimal (largest)
rearrangement-invariant space for which (3.3) holds.
Conversely, if (3.4) is not true, then there does not exist an r.i. space X for which (3.3) holds.
In our final result of this section we present a collection of nontrivial examples based on Lorentz–Zygmund
spaces.
Theorem 3.3. Let p, q ∈ [1,∞], A ∈ R2. Then
M : Lp,q;A →

L1,1,A−1, p = 1, q = 1, α0 ≥ 1, α∞ < −1, (a)
Y, p = 1, q = 1, α0 ≥ 1,−1 ≤ α∞ ≤ 0, (b)
Lp,q;A, 1 < p <∞ or
p =∞, 1 ≤ q <∞, α0 + 1q < 0 or
p =∞, q =∞, α0 ≤ 0,
(3.5)
where Y is the (unique) rearrangement-invariant space whose associate space Y ′ satisfies
‖f‖Y ′ = sup
0<t<∞
ℓ−A(t)
∫ ∞
t
f∗(s)
ds
s
, f ∈M+(Rn).
These spaces are the optimal range partners with respect to M .
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We note that the space Y ′, given in terms of an operator-induced norm, cannot be expressed in terms of
a Lorentz–Zygmund norm.
We shall now proceed to prove the stated results.
Proof of Theorem 3.1. The functional σ is obviously rearrangement invariant and, thanks to the Monotone
Convergence Theorem, it satisfies the lattice axiom and the Fatou axiom. From (P1), only the triangle
inequality needs proving. Let f, g ∈M(Rn). By the definition of the associate space, one has∥∥∥∥∫ ∞
t
(f + g)∗(s)
ds
s
∥∥∥∥
X′(0,∞)
= sup
‖h‖X(0,∞)≤1
∫ ∞
0
h(t)
∫ ∞
t
(f + g)∗(s)
ds
s
dt.
Since the function
t 7→
∫ ∞
t
(f + g)∗(s)
ds
s
is nonincreasing on (0,∞), we in fact have (cf. (2.7))∥∥∥∥∫ ∞
t
(f + g)∗(s)
ds
s
∥∥∥∥
X′(0,∞)
= sup
‖h‖X(0,∞)≤1
∫ ∞
0
h∗(t)
∫ ∞
t
(f + g)∗(s)
ds
s
dt.
Thus, by the Fubini theorem,∥∥∥∥∫ ∞
t
(f + g)∗(s)
ds
s
∥∥∥∥
X′(0,∞)
= sup‖h‖X(0,∞)≤1
∫∞
0 (f + g)
∗(s)h∗∗(s) ds.
By (2.1) and the Hardy lemma, one has, for every such h,∫ ∞
0
(f + g)∗(s)h∗∗(s) ds ≤
∫ ∞
0
f∗(s)h∗∗(s) ds+
∫ ∞
0
g∗(s)h∗∗(s) ds.
This estimate, combined with the preceding identity and the subadditivity of the supremum, finally yields∥∥∥∥∫ ∞
t
(f + g)∗(s)
ds
s
∥∥∥∥
X′(0,∞)
≤
∥∥∥∥∫ ∞
t
f∗(s)
ds
s
∥∥∥∥
X′(0,∞)
+
∥∥∥∥∫ ∞
t
g∗(s)
ds
s
∥∥∥∥
X′(0,∞)
,
establishing the triangle inequality for σ.
As for (P4), let E ⊂ Rn be a set of finite measure. We need to prove that∥∥∥∥∫ ∞
t
χ∗E(s)
ds
s
∥∥∥∥
X′(0,∞)
<∞.
Since χ∗E = χ(0,|E|), this amounts to showing the finiteness of the quantity∥∥∥∥∥χ(0,|E|)(t)
∫ |E|
t
ds
s
∥∥∥∥∥
X′(0,∞)
=
∥∥∥χ(0,|E|)(t) log |E|t ∥∥∥X′(0,∞) .
As D|E|(χ(0,|E|)(t) log
|E|
t ) = χ(0,1)(t) log
1
t , and the dilation operator D|E| is bounded on X
′(0,∞), we
obtain that
∥∥∥χ(0,|E|)(t) log |E|t ∥∥∥X′(0,∞) is finite if and only if (3.2) holds, which, however, is guaranteed by
the assumption. This shows (P4).
Finally, to verify (P5), let f ∈M+(Rn) and let E ⊂ Rn be of finite measure. Then, by the monotonicity
of f∗, we obtain
σ(f) ≥
∥∥∥∫ 2tt f∗(s)dss ∥∥∥X′(0,∞) ≥
∥∥∥f∗(2t) ∫ 2tt dss ∥∥∥X′(0,∞) = ‖f∗(2t)‖X′(0,∞) log 2.
Since X ′ itself is an r.i. space, it satisfies (P5). In other words, there is a positive constant CE, independent
of f , such that ∫
E
f dµ ≤ CE ‖f‖X′ .
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By the rearrangement invariance of the space X ′ and the boundedness of the dilation operator on X ′(0,∞),
we finally get from the preceding estimates that∫
E
f dµ ≤ CE ‖f∗‖X′(0,∞) ≤ C˜E ‖f∗(2t)‖X′(0,∞) ≤
C˜E
log 2
σ(f)
for some positive constant C˜E, independent of f . This shows that σ satisfies (P5) and, altogether, that σ is
an r.i. norm.
We shall now show that M : X → Y . Recall that∥∥∥∥∫ ∞
t
g∗(s)
ds
s
∥∥∥∥
X′(0,∞)
= ‖g‖Y ′(0,∞), g ∈M+(0,∞).
The next step is getting rid of the star in the last identity, which can be done thanks to the equivalence of
(2.5) and (2.6). We conclude that there exists a positive constant C such that,∥∥∥∥∫ ∞
t
g(s)
ds
s
∥∥∥∥
X′(0,∞)
≤ C‖g‖Y ′(0,∞), g ∈M+(0,∞).
We emphasize that this step (the fall of a star) is quite deep and that it does not follow from the Hardy–
Littlewood inequality (as it might deceptively appear) because the integration takes place far away from zero.
Once the inequality is unrestricted to monotone functions, we are entitled to apply the standard argument
using associate spaces. Using (2.9), we get∥∥∥∥1t
∫ t
0
g(s) ds
∥∥∥∥
Y (0,∞)
≤ C‖g‖X(0,∞), g ∈M+(0,∞),
with the constant C undamaged. Now we need our star back, but this time that is achieved easily. We just
restrict the last inequality to the cone of nonincreasing functions and obtain∥∥∥∥1t
∫ t
0
g∗(s) ds
∥∥∥∥
Y (0,∞)
≤ C‖g∗‖X(0,∞), g ∈M+(0,∞).
Applying the rearrangement invariance of the space X and using the correspondence between an r.i. space
and its representation space, we readily see that this can be rewritten as∥∥∥∥1t
∫ t
0
f∗(s) ds
∥∥∥∥
Y (0,∞)
≤ C‖f‖X , f ∈M(Rn).
By the first inequality in (3.1), we obtain that there exists a positive constant C ′ such that
‖(Mf)∗‖Y (0,∞) ≤ C ′‖f‖X , M(Rn).
Finally, the rearrangement invariance of the space Y yields
‖Mf‖Y ≤ C ′‖f‖X , M(Rn).
In other words, M : X → Y .
We shall now establish the optimality property of Y . To this end, assume that, for some r.i. space Z over
R
n, we haveM : X → Z. This means that there exists a positive constant C such that for every f ∈ L1loc(Rn)
the inequality
‖Mf‖Z ≤ C‖f‖X
holds. Translated to the world of rearrangements, this reads
‖(Mf)∗‖Z(0,∞) ≤ C‖f∗‖X(0,∞).
Using the second inequality in (3.1), we get∥∥∥∥1t
∫ t
0
f∗(s) ds
∥∥∥∥
Z(0,∞)
≤ C ′‖f∗‖X(0,∞), M(Rn).
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with some positive constant C ′. A special case of the Hardy–Littlewood inequality together with (P2) for
Z now yields ∥∥∥∥1t
∫ t
0
g(s) ds
∥∥∥∥
Z(0,∞)
≤
∥∥∥∥1t
∫ t
0
g∗(s) ds
∥∥∥∥
Z(0,∞)
, g ∈M+(0,∞).
Thus, since ‖g‖X(0,∞) = ‖g∗‖X(0,∞), we have∥∥∥∥1t
∫ t
0
g(s) ds
∥∥∥∥
Z(0,∞)
≤ C ′‖g‖X(0,∞), g ∈M+(0,∞).
By (2.9), this is nothing else than∥∥∥∥∫ ∞
t
g(s)
ds
s
∥∥∥∥
X′(0,∞)
≤ C ′‖g‖Z′(0,∞), g ∈M+(0,∞).
Restricting this inequality to nonincreasing functions, we get∥∥∥∥∫ ∞
t
g∗(s)
ds
s
∥∥∥∥
X′(0,∞)
≤ C ′‖g∗‖Z′(0,∞), g ∈M+(0,∞).
By the definition of Y ′ and by the rearrangement invariance of Z ′(0,∞), this can be rewritten as
‖g‖Y ′ ≤ C ′‖g‖Z′ , g ∈M+(Rn).
In other words, we have established the embedding Z ′ →֒ Y ′, which is, due to (2.10), equivalent to Y →֒ Z.
This shows that Y is indeed the optimal range partner for X with respect to M .
Finally, assume that ψ /∈ X ′(0,∞) and suppose that M : X → Y for some Y . Then, following the same
line of argument as above, we obtain that
‖Qg∗‖X′(0,∞) ≤ C‖g‖Y ′(0,∞), g ∈M+(0,∞),
with some C, 0 < C < ∞, independent of g. Inserting g = χ(0,1), we obtain that the right side of the last
inequality is finite, since Y ′ is an r.i. space, and, as such, it must obey the axiom (P4). The left side is
however infinite, because we have
‖Qχ∗(0,1)‖X′(0,∞) = ‖ψ‖X′(0,∞) =∞.
This is absurd, hence there is no such Y . The proof is complete. 
Proof of Theorem 3.2. The functional ̺ obviously obeys (P1), (P2), (P3) and (P6). In particular, the
triangle inequality follows immediately from the triangle inequality for Y (0,∞) and (2.1). Thanks to the
boundedness of the dilation operator on Y (0,∞), (P4) is equivalent to χ∗∗(0,1) ∈ Y (0,∞), which is however
guaranteed by the assumption of the theorem, since χ∗∗(0,1) = ψ. Finally, (P5) follows easily from the chain
̺(g) ≥ ‖g∗∗χ(0,|E|)‖Y (0,∞) ≥ g∗∗(|E|)‖χ(0,|E|)‖Y (0,∞) ≥
1
|E| ‖χ(0,|E|)‖Y (0,∞)
∫
E
g(x) dx,
where E ⊂ Rn is an arbitrary set of finite measure and g ∈M+(Rn). We used the monotonicity of g∗∗ and
the Hardy–Littlewood inequality. The operator M is obviously bounded from X to Y thanks to (3.1). The
optimality of X follows from the following simple argument. Suppose that M : Z → Y for some r.i. space
Z. Then ‖Mf‖Y ≤ C‖f‖Z for some C > 0 and all f ∈ Z. Therefore, by (3.1) once again, we have
‖f∗∗‖Y ≤ C‖f‖Z , which, however, is nothing else than the embedding Z →֒ X. Finally, if ψ /∈ Y (0,∞) then
there is no domain partner for Y with respect to M , because if there was one, say X, then one would have
in particular ‖χ∗∗(0,1)‖Y (0,∞) ≤ C‖χ(0,1)‖X(0,∞), but the right-hand side is finite due to (P4) for X and the
left-hand side is equal to infinity since ψ /∈ Y (0,∞). The proof is complete. 
Proof of Theorem 3.3. We first recall that if for an r.i. space X one has M : X → X, then automatically
X is the optimal range (and domain) partner for itself with respect to M . This immediately follows from
the inequality f∗∗ ≥ f∗ combined with (3.1). Now [60, Theorem 3.8] together with (3.1) implies that
BOUNDEDNESS OF CLASSICAL OPERATORS ON REARRANGEMENT-INVARIANT SPACES 12
M : Lp,q;A → Lp,q;A when either 1 < p < ∞ or p = ∞, 1 ≤ q < ∞ and α0 + 1q < 0 or p = ∞, q = ∞ and
α0 ≤ 0. This proves the assertion in all cases except (3.5a) and (3.5b).
Assume now that p = 1, q = 1, α0 ≥ 1 and α∞ ≤ 0. By [60, Theorem 7.1], L1,1;A is equivalent to
an r.i. space. Moreover, by [60, Theorem 6.6], (L1,1;A)′ = L∞,∞;−A. Thus, one has
‖ψ‖X′(0,∞) ≈ sup
0<t≤1
(1− log t)1−α0(t) <∞,
since α0 ≥ 1. In other words, ψ ∈ X ′(0,∞). Consequently, by Theorem 3.1, the optimal range partner Y
for L1,1;A with respect to M satisfies
‖f‖Y ′ =
∥∥∥∥∫ ∞
t
f∗(s)
ds
s
∥∥∥∥
X′(0,∞)
= sup
0<t<∞
ℓ−A(t)
∫ ∞
t
f∗(s)
ds
s
, f ∈M+(Rn).(3.6)
This establishes (3.5b).
It remains to prove (3.5a). To do this we have to show that, for this choice of parameters, the space Y
whose associate space has norm given by (3.6) coincides with L1,1;A−1. We have
‖f‖Y ′ = sup
0<t<∞
ℓ−A(t)
∫ ∞
t
f∗(s)
ds
s
= sup
0<t<∞
ℓ−A(t)
∫ ∞
t
f∗(s)ℓ−A+1(s)ℓA−1(s)
ds
s
≤
(
sup
0<s<∞
f∗(s)ℓ−A+1(s)
)(
sup
0<t<∞
ℓ−A(t)
∫ ∞
t
ℓA−1(s)
ds
s
)
≈ ‖f‖L∞,∞;−A+1 ,
and, conversely,
‖f‖Y ′ ≥ max
{
sup
0<t<1
(1− log t)−α0
∫ √t
t
f∗(s)
ds
s
, sup
1<t<∞
(1 + log t)−α∞
∫ t2
t
f∗(s)
ds
s
}
≥ max
{
sup
0<t<1
(1−log t)−α0f∗(
√
t) log(t−
1
2 ), sup
1<t<∞
(1+log t)−α∞f∗(t2) log t
}
≈ max
{
sup
0<t<1
(1− log t)1−α0f∗(
√
t), sup
1<t<∞
(1 + log t)1−α∞f∗(t2)
}
≈ max
{
sup
0<t<1
(1− log t)1−α0f∗(t), sup
1<t<∞
(1 + log t)1−α∞f∗(t)
}
≈ ‖f‖L∞,∞;−A+1.
Therefore, Y ′ = L∞,∞;−A+1, and, finally, by [60, Theorem 6.2], we get Y = L1,1;A−1, as desired. 
4. The fractional maximal operator
In this section we shall treat the fractional maximal operator Mγ , defined for a fixed γ ∈ (0, n) and for every
locally integrable function on Rn by
Mγf(x) = sup
Q∋x
1
|Q|1− γn
∫
Q
|f(y)|dy, x ∈ Rn.
The operator Mγ can be defined in the same way also for γ = 0, in which case it coincides with the
Hardy–Littlewood maximal operator, and constitutes thereby its natural generalization. The two types of
operators nevertheless have to be treated separately because their behaviour in cases γ = 0 and γ > 0 is,
rather surprisingly, substantially different, and, in the fractional case, a new approach involving a specific
supremum operator is needed for the study of the optimal action of the operator on function spaces. Since
the supremum operator is not linear, the use of techniques based on associate norms and spaces is somewhat
limited, and a certain care has to be exercised.
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The result of [22, Theorem 1.1] shows that there exists a positive constant C depending only on γ and n
such that, for every M(Rn), one has
(Mγf)
∗(t) ≤ C sup
t≤s<∞
s
γ
n f∗∗(s), t ∈ (0,∞),(4.1)
and, conversely, for every nonincreasing function g on (0,∞) there exists some f0 ∈ L1loc(Rn) such that
f∗0 = g almost everywhere on (0,∞) and
(Mγf0)
∗(t) ≥ c sup
t≤s<∞
s
γ
n g∗∗(s), t ∈ (0,∞),(4.2)
where, again, c is some positive constant which depends only on γ and n. For γ = 0, the combination
of (4.2) and (4.1) coincides with (3.1), since the function g∗∗ is nonincreasing on (0,∞) for any g.
Theorem 4.1. Let X be an r.i. space over Rn. Let γ ∈ (0, n) and assume that
inf
1≤t<∞
ϕX(t)t
− γ
n > 0.(4.3)
Define the functional σ by
σ(f) = sup
h∼f
h≥0
∥∥∥∥∫ ∞
t
h(s)s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
, f ∈M+(Rn),(4.4)
where the supremum is taken over all h ∈M+(Rn) equimeasurable with f . Then σ is an r.i. norm and
Mγ : X → Y,(4.5)
where Y = Y (σ′). Moreover, Y is the optimal (smallest) r.i. space for which (4.5) holds.
Conversely, if (4.3) is not true, then there does not exist an r.i. space Y for which (4.5) holds.
The expression for the functional σ in Theorem 4.1 is somewhat implicit. Our next result however shows
that it can be considerably simplified at a relatively low cost. We shall need a supremum operator. For a
fixed α ≥ 0, define the operator Tα on M(0,∞) by
Tαf(t) = t
−α sup
t≤s<∞
sαf∗(s), t ∈ (0,∞).
Theorem 4.2. Let 0 < γ < n and let X be an r.i. space over Rn. Assume that
T γ
n
: X(0,∞)→ X(0,∞).(4.6)
Define the functional τ by
τ(f) = sup
‖h‖X(0,∞)≤1
∫ ∞
0
f∗(s)(PT γ
n
h)(s)s
γ
n ds.
Then τ is an r.i. norm such that
Mγ : X → Y,
where Y = Y (τ ′), and Y is the optimal (smallest) r.i. space for which (4.5) holds. Moreover, τ is equivalent
to the functional
f 7→
∥∥∥∥∫ ∞
t
f∗(s)s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
, f ∈M+(Rn).(4.7)
Remark 4.3. The assumption (4.6) of Theorem 4.2 is natural in view of the fact that the classical endpoint
mapping properties for the fractional maximal operator M γ
n
are of the form
M γ
n
: L1 → L nn−γ ,∞ and M γ
n
: L
n
γ
,∞ → L∞,
while those of T γ
n
are (cf. [45, 46, 41])
T γ
n
: L1 → L1 and T γ
n
: L
n
γ
,∞ → Lnγ ,∞.
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On the other hand, (4.6) is strictly stronger than (4.3). Indeed, assume that (4.6) is satisfied. Then, in
particular, there exists a positive constant, K, such that for every a ≥ 1 one has
‖T γ
n
χ(0,a)‖X(0,∞) ≤ K‖χ(0,a)‖X(0,∞).
Since
T γ
n
χ(0,a)(t) = χ(0,a)(t)a
γ
n t−
γ
n for t ∈ (0,∞),
we in fact have
‖χ(0,a)(t)a
γ
n t−
γ
n ‖X(0,∞) ≤ KϕX(a).
Consequently,
ϕX(a)a
− γ
n ≥ K−1‖χ(0,a)(t)t−
γ
n ‖X(0,∞) ≥ K−1‖χ(0,1)(t)t−
γ
n ‖X(0,∞).
Hence
inf
1≤a<∞
ϕX(a)a
− γ
n ≥ K−1‖χ(0,1)(t)t−
γ
n ‖X(0,∞) > 0,
and (4.3) follows. This shows the implication (4.6)⇒(4.3). The fact that this implication cannot be reversed
follows on considering X = L
n
γ
,q
with q ∈ [1,∞). Every such space obviously satisfies (4.3), but it follows
from [41, Theorem 3.2] that the operator T γ
n
is not bounded on it, hence (4.6) does not hold.
For the optimal domain for the fractional maximal operator, we have the following result. Its proof is
analogous to that of Theorem 3.2 and therefore is omitted.
Theorem 4.4. Let 0 < γ < n and let Y be an r.i. space over Rn such that
ψ ∈ Y (0,∞),(4.8)
where ψ(t) = (1 + t)
γ
n
−1, t ∈ (0,∞). Define the functional σ by
σ(f) =
∥∥∥t γn f∗∗(t)∥∥∥
Y (0,∞)
, f ∈M+(Rn).
Then σ is an r.i. norm and
Mγ : X → Y,(4.9)
where X = X(σ). Moreover, X is the optimal (largest) r.i. space for which (4.9) holds.
Conversely, if (4.8) is not true, then there does not exist an r.i. space X for which (4.9) holds.
Our next aim is to present an array of results concerning the optimal range partners for Lorentz-Zygmund
spaces of the form Lp,q;A with respect to Mγ . Mapping properties of Mγ on Lorentz–Zygmund spaces were
studied in [33], where the following results were established:
Mγ : L
p,q;A →

L
n
n−γ
,1;A−1, p = 1, q = 1, α0 ≥ 0, α∞ < 0,
L
n
n−γ
,∞;A
, p = 1, q = 1, α0 ≥ 0, α∞ ≤ 0,
L
np
n−γp
,q;A
, 1 < p < nγ , 1 ≤ q ≤ ∞,
L
∞,q;A− 1
q , p = nγ , 1 ≤ q ≤ ∞, α0 < 0, α∞ > 0.
Our result concerning optimal range spaces for Lorentz–Zygmund spaces reads as follows.
Theorem 4.5. Let γ ∈ (0, n), p, q ∈ [1,∞], A ∈ R2. Then
Mγ : L
p,q;A →

Y1, p = 1, q = 1, α0 ≥ 0, α∞ ≤ 0, (a)
L
np
n−γp
,q;A, 1 < p < nγ , (b)
L∞,∞;A, p = nγ , q =∞, α0 ≤ 0, α∞ ≥ 0, (c)
Y2, p =
n
γ , 1 ≤ q <∞, α∞ ≥ 0 or (d)
p = nγ , q =∞, α0 > 0, α∞ ≥ 0, (e)
(4.10)
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where Y1 and Y2 are the (unique) r.i. spaces whose associate spaces, Y
′
1 and Y
′
2, satisfy
‖f‖Y ′1 = sup
0<t<∞
ℓ−A(t)
∫ ∞
t
f∗(s)s
γ
n
−1 ds, f ∈M+(Rn),
and
‖f‖Y ′2 = sup
h∼f
h≥0
∥∥∥t1− γn− 1q′ ℓ−A(t)∫ ∞
t
h(s) s
γ
n
−1 ds
∥∥∥
Lq′ (0,∞)
, f ∈M+(Rn),
respectively. In particular, in the case A = [0, 0], we have Y1 = L
n
n−γ
,∞
and Y2 = L
∞.
Moreover, these spaces are the optimal range partners with respect to Mγ .
Again, there is no simpler way of characterizing the spaces Y ′1 and Y
′
2 .
Remark 4.6. We note that the range spaces in Theorem 4.5 essentially improve those from [33] when
p = q = 1, α0 ≥ 0, α∞ ≤ 0 and |α0|+ |α∞| > 0, and also when p = nγ , 1 ≤ q <∞, α0 < 0 and α∞ > 0. It is
also worth noting that the spaces L
n
n−γ
,1;A−1 and L
n
n−γ
,∞;A are not comparable in the sense that neither of
them is contained in the other (see [60] for details).
Our next aim is to describe in more detail the relation between Theorems 4.1 and 4.2. Theorem 4.2
asserts, among other statements, that in the particular cases when (4.6) is satisfied, the functionals (4.7)
and σ from (4.4) are equivalent. We shall now point out an interesting fact that the converse is also true,
namely if (4.6) is not satisfied, then the functional in (4.7) is not equivalent to σ from (4.4). That, in fact,
means that it is essentially smaller than σ. This is achieved through the following result, which is definitely
of independent interest and maybe even a little surprising.
Theorem 4.7. Assume that X is an r.i. space over Rn and γ ∈ (0, n). Then the following statements are
equivalent:
(a) T γ
n
: X(0,∞)→ X(0,∞),
(b) there exists a positive constant C such that,
[ll] sup
h∼f
h≥0
∥∥∥∥∫ ∞
t
h(s)s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
≤ C
∥∥∥∥∫ ∞
t
f∗(s)s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
, f ∈M+(Rn).(4.11)
Remark 4.8. We note that, since f ∼ f∗, the converse inequality to (4.11), namely∥∥∥∥∫ ∞
t
f∗(s)s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
≤ sup
h∼f
h≥0
∥∥∥∥∫ ∞
t
h(s)s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
,
is trivial. In other words, if (4.11) is true, then the two quantities are in fact equivalent.
In the proof of Theorem 4.7 we shall need the following auxiliary result of independent interest.
Lemma 4.9. Assume that I : (0,∞)→ (0,∞) is a nondecreasing function satisfying∫ t
0
ds
I(s)
≈
∫ 2t
t
ds
I(s)
, t ∈ (0,∞).(4.12)
Let N ∈ N, 0 < t1 < · · · < tN <∞ and a1, . . . , aN > 0. Let
u =
N∑
i=1
aiχ(0,ti)
and let X be an r.i. space over (0,∞). Then∥∥∥∥∫ ∞
t
u(s)
I(s)
ds
∥∥∥∥
X(0,∞)
≈ ‖v‖X(0,∞),
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where
v =
N∑
i=1
ai
ti
I(ti)
χ(0,ti).
Proof. First, we have∫ ∞
t
u(s)
I(s)
ds =
N∑
i=1
∫ ∞
t
aiχ(0,ti)(s)
I(s)
ds =
N∑
i=1
aiχ(0,ti)(t)
∫ ti
t
ds
I(s)
, t ∈ (0,∞).
By (4.12), ∫ ti
0
ds
I(s)
≥
∫ ti
t
ds
I(s)
≥
∫ ti
ti
2
ds
I(s)
≈
∫ ti
0
ds
I(s)
, t ∈ (0, ti2 ),
whence
N∑
i=1
aiχ(0,ti)(t)
∫ ti
t
ds
I(s)
≥
N∑
i=1
aiχ(0, ti
2
)
(t)
∫ ti
t
ds
I(s)
≈
N∑
i=1
aiχ(0, ti
2
)
(t)
∫ ti
0
ds
I(s)
≈
N∑
i=1
ai
ti
I(ti)
χ
(0,
ti
2
)
(t), t ∈ (0,∞).
Therefore, due to the boundedness of the dilation operator on X(0,∞), we have∥∥∥∥∫ ∞
t
u(s)
I(s)
ds
∥∥∥∥
X(0,∞)
≈
∥∥∥∥∥
N∑
i=1
ai
ti
I(ti)
χ
(0,
ti
2
)
∥∥∥∥∥
X(0,∞)
≈
∥∥∥∥∥
N∑
i=1
ai
ti
I(ti)
χ(0,ti)
∥∥∥∥∥
X(0,∞)
= ‖v‖X(0,∞) ≥
∥∥∥∥∥
N∑
i=1
aiχ(0,ti)(t)
∫ 2ti
ti
ds
I(s)
∥∥∥∥∥
X(0,∞)
≈
∥∥∥∥∥
N∑
i=1
aiχ(0,ti)(t)
∫ ti
0
ds
I(s)
∥∥∥∥∥
X(0,∞)
≥
∥∥∥∥∫ ∞
t
u(s)
I(s)
ds
∥∥∥∥
X(0,∞)
. 
We shall also need a variant of the result obtained in [45, Theorem 3.9] and also [21, Lemma 3.3] on the
interval (0,∞). Here we present a more general claim with a shorter and more comprehensive proof.
In the following lemma, we work with the so-called quasiconcave functions instead of power functions.
Recall that a nonnegative function ϕ defined on [0,∞) is said to be quasiconcave provided that ϕ is nonde-
creasing on [0,∞), ϕ(t)t is nonincreasing on (0,∞) and ϕ(0) = 0. It follows that ϕ is absolutely continuous
except perhaps at the origin and
ϕ(t)− ϕ(s) ≤
∫ t
s
ϕ(r)
r
dr, t ∈ (0,∞), s ∈ (0, t].(4.13)
See [48, Chapter II, Lemma 1.1].
Lemma 4.10. Let ϕ be a quasiconcave function. Then there exists a constant C > 0 such that∫ τ
0
sup
t≤s<∞
ϕ(s)f(s) dt ≤ C
∫ τ
0
(ϕf)∗(t) dt(4.14)
for every τ ∈ (0,∞) and every nonincreasing f ∈M+(0,∞).
Furthermore, if X is an r.i. space over (0,∞), then∥∥∥ sup
t≤s<∞
ϕ(s)f(s)
∥∥∥
X(0,∞)
≤ C ∥∥ϕf∥∥
X(0,∞)(4.15)
for every nonincreasing f ∈M+(0,∞).
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Proof. Let f ∈M+(0,∞) be a nonincreasing function and fix τ ∈ (0,∞). We split the supremum into three
parts, namely ∫ τ
0
sup
t≤s<∞
ϕ(s)f(s) dt ≤
∫ τ
0
sup
t≤s≤τ
ϕ(s)f(s) dt+ τ sup
τ≤s<∞
ϕ(s)f(s)
≤
∫ τ
0
sup
t≤s≤τ
[
ϕ(s)− ϕ(t)]f(s) dt
+
∫ τ
0
ϕ(t) sup
t≤s≤τ
f(s) dt+ τ sup
τ≤s<∞
ϕ(s)f(s)
= I + II + III.
By (4.13) and the Hardy–Littlewood inequality, we have
I ≤
∫ τ
0
sup
t≤s≤τ
(∫ s
t
ϕ(r)
r
dr
)
f(s) dt ≤
∫ τ
0
sup
t≤s≤τ
∫ s
t
ϕ(r)
r
f(r) dr dt
=
∫ τ
0
∫ τ
t
ϕ(r)
r
f(r) dr dt =
∫ τ
0
∫ r
0
ϕ(r)
r
f(r) dt dr
=
∫ τ
0
ϕ(r)f(r) dr ≤
∫ τ
0
(ϕf)∗(t) dt.
The second term is obviously estimated by the right hand side of (4.14). Let us consider the third term.
Observe that, by (4.13),
ϕ(2t) − ϕ(t) ≤
∫ 2t
t
ϕ(r)
r
dr ≤ ϕ(t), t ∈ (0,∞),
since ϕ(t)/t is nonincreasing, whence ϕ(2t) ≤ 2ϕ(t) for t ∈ (0,∞). Using this and the fact that ϕ is
nondecreasing, we get
ϕ(t) ≤ 2ϕ(t/2) ≤ 4
t
∫ t
t/2
ϕ(r) dr ≤ 4
t
∫ t
0
ϕ(r) dr, t ∈ (0,∞).(4.16)
Using (4.16) we obtain
III = τ sup
τ≤s<∞
ϕ(s)f(s) ≤ 4τ sup
τ≤s<∞
(1
s
∫ s
0
ϕ(r) dr
)
f(s)
≤ 4τ sup
τ≤s<∞
1
s
∫ s
0
ϕ(r)f(r) dr ≤ 4τ sup
τ≤s<∞
1
s
∫ s
0
(ϕf)∗(t) dt
= 4
∫ τ
0
(ϕf)∗(t) dt,
where in the second inequality we used that f is nonincreasing and the third one is due to the Hardy–
Littlewood inequality. Combination of the estimates gives (4.14) with C = 6. The inequality (4.15) (with
the same C) then follows from (4.14) by the Hardy-Littlewood-Po´lya principle. 
Proof of Theorem 4.7. Assume first that (a) is true. Then the associate norm of the optimal r.i. range
partner space for X with respect to Mγ is equivalent to (4.7) owing to Theorem 4.2. On the other hand,
that norm is also equivalent to (4.4) by Theorem 4.1. We recall that the assumption (4.3) of this theorem
is satisfied since it follows from (a), as was pointed out in Remark 4.3. Combining these two facts, we
immediately obtain (b) (see also Remark 4.8).
The converse implication is considerably more involved. Suppose that (b) holds. Then the functional
g 7→
∥∥∥∥∫ ∞
t
g∗(s)s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
(4.17)
is equivalent to σ from (4.4), which in turn is known to be an r.i. norm thanks to Theorem 4.1. We note
that (4.3) is indeed satisfied because it follows from the proof of Theorem 4.1 that it holds if and only if
BOUNDEDNESS OF CLASSICAL OPERATORS ON REARRANGEMENT-INVARIANT SPACES 18
σ(u) <∞ for every nonnegative simple function u, which can be readily verified here thanks to (b). Hence
the collection
Y (0,∞) =
{
g ∈M(0,∞),
∥∥∥∥∫ ∞
t
g∗(s)s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
<∞
}
,
endowed with the functional
‖g‖Y (0,∞) =
∥∥∥∥∫ ∞
t
g∗(s)s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
,
is equivalent to an r.i. space. Define the operator R on M(0,∞) by
Rg(t) =
∫ ∞
t
|g(s)|s γn−1 ds, t ∈ (0,∞).
Then we have
‖Rg∗‖X′(0,∞) = ‖g‖Y (0,∞), g ∈M(0,∞).
Therefore, using also the equivalence of (2.5) and (2.6), it clearly follows that
R : Y (0,∞)→ X ′(0,∞)(4.18)
and that Y (0,∞) is the optimal (largest possible) r.i. space rendering (4.18) true (in other words, it is the
optimal r.i. domain partner space for X ′(0,∞) with respect to the operator R).
We however claim a considerably less obvious fact, namely that X ′(0,∞) is also the smallest possible
rearrangement-invariant space in (4.18), that is, it is the optimal r.i. range partner space for Y (0,∞) with
respect to the operator R.
We know that R is bounded from Y (0,∞) to X ′(0,∞). Therefore we are entitled to denote the opti-
mal rearrangement-invariant range partner for Y (0,∞) with respect to R by YR(0,∞). Denote further by
YRD(0,∞) the optimal r.i. domain partner for YR(0,∞) with respect to R. Then, using the same reasoning
as above, we obtain that
‖g‖YRD (0,∞) ≈
∥∥∥∥∫ ∞
t
g∗(s)s
γ
n
−1 ds
∥∥∥∥
YR(0,∞)
, g ∈M(0,∞).
Only an easy observation is needed to realize that once a space is the optimal domain partner of some
space, then it is necessarily also the optimal domain partner to its own optimal range partner. Indeed,
knowing that Y (0,∞) is optimal in R : Y (0,∞) → X ′(0,∞), assume that R : Z(0,∞) → YR(0,∞). By
optimality of YR(0,∞) in R : Y (0,∞) → YR(0,∞), one necessarily has YR(0,∞) →֒ X ′(0,∞). Thus,
R : Z(0,∞) → X ′(0,∞). But, by optimality of Y (0,∞) in R : Y (0,∞) → X ′(0,∞), it follows that
Z(0,∞) →֒ Y (0,∞).
Consequently, Y (0,∞) = YRD(0,∞), that is,∥∥∥∥∫ ∞
t
g∗(s)s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
≈
∥∥∥∥∫ ∞
t
g∗(s)s
γ
n
−1 ds
∥∥∥∥
YR(0,∞)
, g ∈M(0,∞).
Assume that u =
∑N
i=1 biχ(0,si) for some N ∈ N, 0 < s1 < · · · < sN < ∞ and b1, . . . , bN > 0. Let
further
v =
N∑
i=1
bi
si
I(si)
χ(0,si),(4.19)
where I(t) = t1−
γ
n , t ∈ (0,∞). Note that the function I satisfies the assumptions of Lemma 4.9. Therefore
we are entitled to use the lemma, whence we get
‖v‖X′(0,∞) ≈
∥∥∥∥∫ ∞
t
u(s)s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
≈
∥∥∥∥∫ ∞
t
u(s)s
γ
n
−1 ds
∥∥∥∥
YR(0,∞)
≈ ‖v‖YR(0,∞).
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Now, if f ∈ M(Rn), then there is a sequence {vn} of nonnegative simple functions in the form of (4.19)
satisfying vn ր f∗. By the Fatou property and the computations above, we get X ′(0,∞) = YR(0,∞). This
proves that X ′(0,∞) is indeed the optimal range space in (4.18).
We next claim that
‖g‖X(0,∞) ≈
∥∥∥t γn g∗∗(t)∥∥∥
Y ′(0,∞)
, g ∈M(0,∞).(4.20)
Indeed, by the definition of the associate norm, the Fubini theorem and the Ho¨lder inequality, one has, for
every g ∈M(0,∞),∥∥∥t γn g∗∗(t)∥∥∥
Y ′(0,∞)
= sup
‖h‖Y (0,∞)≤1
∫ ∞
0
|h(t)|t γn−1
∫ t
0
g∗(s)ds dt
= sup
‖h‖Y (0,∞)≤1
∫ ∞
0
g∗(s)
∫ ∞
s
|h(t)|t γn−1dt ds
≤ sup
‖h‖Y (0,∞)≤1
‖g‖X(0,∞)
∥∥∥∥∫ ∞
s
|h(t)|t γn−1 dt
∥∥∥∥
X′(0,∞)
.
Now, the equivalence of (2.5) and (2.6) implies that
sup
‖h‖Y (0,∞)≤1
∥∥∥∥∫ ∞
s
|h(t)|t γn−1 dt
∥∥∥∥
X′(0,∞)
≤ C sup
‖h‖Y (0,∞)≤1
∥∥∥∥∫ ∞
s
h∗(t)t
γ
n
−1 dt
∥∥∥∥
X′(0,∞)
= C.
It might be instructive to note that while this estimate, of course, follows from (b), the validity of (b) is in
fact not necessary in order to get it. Altogether, combining the estimates, we get∥∥∥t γn g∗∗(t)∥∥∥
Y ′(0,∞)
≤ C‖g‖X(0,∞), g ∈M(0,∞).(4.21)
In order to prove (4.20), we now need to show the converse inequality to (4.21). Denote
‖g‖Z(0,∞) =
∥∥∥t γn g∗∗(t)∥∥∥
Y ′(0,∞)
, g ∈M(0,∞).
The functional g 7→ ‖g‖Z(0,∞) is an r.i. norm. To see this, only (P4) needs proof, since everything else is
readily verified. Applying standard techniques, (P4) reduces to
t
γ
n
−1χ[1,∞)(t) ∈ Y ′(0,∞).(4.22)
But, using the equivalence of (2.5) and (2.6) once again, we get
‖t γn−1χ[1,∞)(t)‖Y ′(0,∞) = sup
‖f‖Y (0,∞)≤1
∫ ∞
0
|f(t)|t γn−1χ[1,∞)(t) dt
=
1
‖χ(0,1)‖X′(0,∞)
sup
‖f‖Y (0,∞)≤1
∥∥∥∥χ(0,1) ∫ ∞
1
|f(t)|t γn−1 dt
∥∥∥∥
X′(0,∞)
≤ 1‖χ(0,1)‖X′(0,∞)
sup
‖f‖Y (0,∞)≤1
∥∥∥∥∫ ∞
s
|f(t)|t γn−1 dt
∥∥∥∥
X′(0,∞)
≤ C2‖χ(0,1)‖X′(0,∞)
sup
‖f‖Y (0,∞)≤1
∥∥∥∥∫ ∞
s
f∗(t)t
γ
n
−1 dt
∥∥∥∥
X′(0,∞)
≤ C2‖χ(0,1)‖X′(0,∞)
<∞
for some appropriate positive constant C2. We define the operator R
′ by
R′g(t) = t
γ
n
−1
∫ t
0
|g(s)|ds, g ∈M(0,∞).
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Then
R′ : Z(0,∞)→ Y ′(0,∞),
since, by the Hardy–Littlewood inequality,
‖R′g‖Y ′(0,∞) ≤ ‖R′g∗‖Y ′(0,∞) = ‖g‖Z(0,∞), g ∈M(0,∞).(4.23)
We also have
R : Y (0,∞)→ Z ′(0,∞),(4.24)
since, by the Fubini theorem, the Ho¨lder inequality and (4.23), one has
‖Rg‖Z′(0,∞) = sup
‖f‖Z(0,∞)≤1
∫ ∞
0
f(t)Rg(t) dt = sup
‖f‖Z(0,∞)≤1
∫ ∞
0
|f(t)|Rg(t) dt
= sup
‖f‖Z(0,∞)≤1
∫ ∞
0
R′f(t)|g(t)| dt ≤ ‖g‖Y (0,∞) sup
‖f‖Z(0,∞)≤1
‖R′f‖Y ′(0,∞)
≤ ‖g‖Y (0,∞).
But, as we know, X ′(0,∞) is the optimal (smallest) r.i. target partner for Y (0,∞) with respect to R. Con-
sequently, it must be contained in Z ′(0,∞). By (2.10), this means that Z(0,∞) is continuously embedded
into X(0,∞). In other words, there exists a positive constant, C ′, such that
‖g‖X(0,∞) ≤ C ′‖g‖Z(0,∞) = C ′
∥∥∥t γn g∗∗(t)∥∥∥
Y ′(0,∞)
, g ∈M(0,∞);(4.25)
hence (4.20) follows from the combination of (4.21) and (4.25).
Now we know that X(0,∞) = Z(0,∞), so in order to prove (a) it suffices to show that T γ
n
: Z(0,∞) →
Z(0,∞). In other words, we claim that there exists a positive constant C such that∥∥∥t γn (T γ
n
g)∗∗(t)
∥∥∥
Y ′(0,∞)
≤ C
∥∥∥t γn g∗∗(t)∥∥∥
Y ′(0,∞)
, g ∈M(0,∞).(4.26)
We first recall that there exists a positive constant K depending only on n and γ such that
(T γ
n
g)∗∗(t) ≤ KT γ
n
(g∗∗)(t), g ∈M(0,∞), t ∈ (0,∞).(4.27)
Indeed, this follows from [58, Lemma 4.1], where a more general assertion is stated and proved.
Next, it follows from Lemma 4.10 that∥∥∥∥ sup
t≤s<∞
s
γ
n g∗(s)
∥∥∥∥
Y ′(0,∞)
≤ C
∥∥∥t γn g∗(t)∥∥∥
Y ′(0,∞)
, g ∈M(0,∞).
In particular, since g∗∗ is also nonincreasing, we have∥∥∥∥ sup
t≤s<∞
s
γ
n g∗∗(s)
∥∥∥∥
Y ′(0,∞)
≤ C
∥∥∥t γn g∗∗(t)∥∥∥
Y ′(0,∞)
, g ∈M(0,∞).(4.28)
Thus, combining (4.27) and (4.28), we get∥∥∥t γn (T γ
n
g)∗∗(t)
∥∥∥
Y ′(0,∞)
≤ K
∥∥∥t γnT γ
n
(g∗∗)(t)
∥∥∥
Y ′(0,∞)
= K
∥∥∥∥ sup
t≤s<∞
s
γ
n g∗∗(s)
∥∥∥∥
Y ′(0,∞)
≤ KC
∥∥∥t γn g∗∗(t)∥∥∥
Y ′(0,∞)
, g ∈M(0,∞),
proving (4.26). Hence (a) holds, as desired. The proof is complete. 
Let us now turn our attention to proofs of the main results.
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Proof of Theorem 4.1. We begin by proving that σ is an r.i. norm. As in the proof of Theorem 3.1, only
the triangle inequality and axioms (P4) and (P5) have to be verified. The triangle inequality follows by the
same argument using measure-preserving transformations as in [45, Theorem 3.3].
We shall verify the validity of (P4). Let E ⊂ R be a measurable set with |E| <∞ and let h be such that
h ∼ χE . We infer that there is a measurable set F ⊂ R such that h = χF and |F | = |E|. Assume moreover
that |E| ≥ 1. It follows from the regularity of the Lebesgue measure that there exists an open set G ⊇ F
such that |G| ≤ 2|F |. Thus there are disjoint intervals (ak, bk) satisfying |F | ≤ ak,
F ⊆ (0, |F |) ∪
⋃
k
(ak, bk)
and ∑
k
(bk − ak) ≤ 2|F |.
Then we have∥∥∥∥∫ ∞
t
h(s) s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
≤
∥∥∥∥∫ ∞
t
(
χ(0,|F |)(s) +
∑
k
χ(ak,bk)(s)
)
s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
≤
∥∥∥∥∫ ∞
t
χ(0,|F |)(s) s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
+
∑
k
∥∥∥∥∫ ∞
t
χ(ak ,bk)(s) s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
≤ n
γ
|F | γn ‖χ(0,|F |)‖X′(0,∞)
+
∑
k
∥∥∥∥χ(0,ak)(t)∫ bk
ak
s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
+
∑
k
∥∥∥∥χ(ak ,bk)(t)∫ bk
t
s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
.
Let us observe that, due to (2.4), (4.3) is in fact equivalent to the existence of a constant C such that
r
γ
n
−1‖χ(0,r)‖X′(0,∞) ≤ C, r ∈ [1,∞).(4.29)
Next, using the monotonicity of s
γ
n
−1 and (4.29), we get (note that ak ≥ 1 is satisfied thanks to ak ≥ |F |)∥∥∥∥χ(0,ak)(t)∫ bk
ak
s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
≤ a
γ
n
−1
k ‖χ(0,ak)‖X′(0,∞) (bk − ak) ≤ C(bk − ak).
Note that C is independent of k. Also,∥∥∥∥χ(ak ,bk)(t)∫ bk
t
s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
≤
∥∥∥∥χ(ak,bk)(t)∫ bk
ak
s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
≤ a
γ
n
−1
k ‖χ(0,bk−ak)‖X′(0,∞) (bk − ak)
≤ a
γ
n
−1
k ‖χ(0,ak)‖X′(0,∞) (bk − ak) ≤ C(bk − ak),
where we, once again, used the monotonicity, (2.4), (4.29) and
bk − ak ≤ |F | ≤ ak.
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Therefore ∥∥∥∥∫ ∞
t
h(s) s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
≤ n
γ
|F | γn ‖χ(0,|F |)‖X′(0,∞) + 2C
∑
k
(bk − ak)
≤ n
γ
C|F |+ 4C|F | = Cn,γ |E|.
Taking the supremum over all such h, we get
σ(χE) ≤ Cn,γ |E|.(4.30)
If E ⊂ Rn has |E| < 1, we get σ(χE) ≤ Cn,γ by the monotonicity of σ.
As for (P5), let E be a measurable subset of Rn having finite measure
and assume that f ∈ L1(E). Denote r = |E| and set h(s) = f∗(s − r)χ(r,2r)(s). Then f ∼ h and
σ(f) ≥
∥∥∥∥∫ ∞
t
h(s) s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
=
∥∥∥∥∫ ∞
t
f∗(s− r)χ(r,2r)(s) s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
≥
∥∥∥∥χ(0,r)(t)∫ 2r
r
f∗(s− r) s γn−1 ds
∥∥∥∥
X′(0,∞)
(4.31)
= ‖χ(0,r)‖X′(0,∞)
∫ 2r
r
f∗(s− r) s γn−1 ds
≥ ‖χ(0,r)‖X′(0,∞)(2r)
γ
n
−1
∫ 2r
r
f∗(s− r) ds
≥ Cn,γ,X‖f‖L1(E),
and (P5) follows.
We now claim that Mγ : X → Y . Assume that g ∈M+(0,∞). Define f(x) = g(ωn|x|n) for x ∈ Rn \ {0},
where ωn is the volume of the n-dimensional unit ball. Then f is defined almost everywhere on R
n and one
has g ∼ f . Thus, by the definitions of σ and Y , we get∥∥∥∥∫ ∞
t
g(s)s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
≤ σ(f) = ‖f‖Y ′ = ‖g‖Y ′(0,∞).
Since g was arbitrary, we obtain by (2.8),∥∥∥∥t γn−1 ∫ t
0
g(s) ds
∥∥∥∥
Y (0,∞)
≤ ‖g‖X(0,∞), g ∈M+(0,∞).
Restricting this inequality to nonincreasing functions, we obtain that∥∥∥t γn g∗∗(t)∥∥∥
Y (0,∞)
≤ ‖g∗‖X(0,∞), g ∈M+(0,∞).
Applying Lemma 4.10, we get that there exists a positive constant C such that∥∥∥∥ sup
t≤s<∞
s
γ
n g∗∗(s)
∥∥∥∥
Y (0,∞)
≤ C‖g∗‖X(0,∞), g ∈M+(0,∞).
Thus, by (4.1), one has
‖Mγf‖Y ≤ C
∥∥∥∥ sup
t≤s<∞
s
γ
n f∗∗(s)
∥∥∥∥
Y (0,∞)
≤ C‖f∗‖X(0,∞) = C‖f‖X , f ∈ X,
whence Mγ : X → Y .
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We shall now prove the optimality of the space Y in (4.5). Suppose that for some r.i. space Z, one has
Mγ : X → Z. Let g be a nonincreasing function in M+(0,∞). Then there exists a function f0 ∈ L1loc(Rn)
such that f0 ∼ g and (4.2) holds. Since Mγ : X → Z, we have
‖(Mγf0)∗‖Z(0,∞) ≤ C‖f∗0 ‖X(0,∞) = C‖g∗‖X(0,∞).
By (4.2), this yields
‖ sup
t≤s<∞
s
γ
n g∗∗(s)‖Z(0,∞) ≤ C‖g∗‖X(0,∞).
We emphasize that C does not depend on g. The last estimate trivially implies
‖t γn g∗∗(t)‖Z(0,∞) ≤ C‖g∗‖X(0,∞), g ∈M+(0,∞).
Therefore, by the Hardy–Littlewood inequality, we obtain
‖t γnPg(t)‖Z(0,∞) ≤ C‖g‖X(0,∞), g ∈M+(0,∞).
By (2.8), this yields ∥∥∥∥∫ ∞
t
h(s)s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
≤ C‖h‖Z′(0,∞), h ∈M+(0,∞).
In particular, for every f ∈M+(Rn) and h ∈M+(0,∞) such that h ∼ f , one has∥∥∥∥∫ ∞
t
h(s)s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
≤ C‖h‖Z′(0,∞) = C‖h∗‖Z′(0,∞)
= C‖f∗‖Z′(0,∞) = C‖f‖Z′ .(4.32)
Consequently,
σ(f) = sup
h∼f
h≥0
∥∥∥∥∫ ∞
t
h(s)s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
≤ C‖f‖Z′.
By the definition of Y , this means that Z ′ →֒ Y ′, or equivalently Y →֒ Z, proving the optimality of Y
in (4.5).
Finally, assume that (4.3) is not true and assume that Mγ : X → Y for some r.i. space Y over Rn. Then
it follows from the above that
sup
h∼f
h≥0
∥∥∥∥∫ ∞
t
h(s)s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
≤ C‖f‖Y ′ , f ∈ Y ′.(4.33)
Take any f ∈ M+(Rn) satisfying f∗ = χ(0,1) and let h = χ(b,1+b) for some fixed but arbitrary b ∈ (1,∞).
Then f ∼ h and ∥∥∥∥∫ ∞
t
h(s) s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
=
∥∥∥∥∫ ∞
t
χ(b,1+b)(s) s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
≥
∥∥∥∥χ(0,b)(t)∫ 1+b
b
s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
= ‖χ(0,b)‖X′(0,∞)
∫ 1+b
b
s
γ
n
−1 ds
≥ b
ϕX(b)
(1 + b)
γ
n
−1 ≥ 2 γn−1 b
γ
n
ϕX(b)
.
Since (4.3) is not satisfied, there exists a sequence bk →∞ such that
lim
k→∞
b
γ
n
k
ϕX(bk)
=∞.
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This implies that ∥∥∥∥∫ ∞
t
h(s) s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
=∞.
Since ‖f‖Y ′ <∞ by (P4) for Y ′, this contradicts (4.33). The proof is complete. 
Proof of Theorem 4.2. We shall first prove that τ is equivalent to the functional in (4.7). By the definition
of the associate space, we get∥∥∥∥∫ ∞
t
f∗(s)s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
= sup
‖h‖X(0,∞)≤1
∫ ∞
0
h(t)
∫ ∞
t
f∗(s)s
γ
n
−1 ds dt.
Since the function t 7→ ∫∞t s γn−1f∗(s) ds is obviously nonincreasing on (0,∞) regardless of f , we in fact have,
by the corollary of the Hardy–Littlewood inequality (see (2.7)),∥∥∥∥∫ ∞
t
f∗(s)s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
= sup
‖h‖X(0,∞)≤1
∫ ∞
0
h∗(t)
∫ ∞
t
f∗(s)s
γ
n
−1 ds dt.
Thus, the Fubini theorem and the definition of P yield∥∥∥∥∫ ∞
t
f∗(s)s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
= sup
‖h‖X(0,∞)≤1
∫ ∞
0
f∗(s)(Ph∗)(s)s
γ
n ds.
The trivial pointwise estimate h∗ ≤ T γ
n
h implies that (Ph∗)(s) ≤ (PT γ
n
h)(s) for every h and every s. Hence,
we obtain that ∥∥∥∥∫ ∞
t
f∗(s)s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
≤ τ(f).(4.34)
To prove the converse inequality, let K be the operator norm of T γ
n
on X(0,∞). Then, by the definition of
τ , the Fubini theorem, and the Ho¨lder inequality, we have
τ(f) = sup
‖h‖X(0,∞)≤1
∫ ∞
0
f∗(s)(PT γ
n
h)(s)s
γ
n ds = sup
‖h‖X(0,∞)≤1
∫ ∞
0
(T γ
n
h)(t)
∫ ∞
t
f∗(s)s
γ
n
−1 ds dt
≤ sup
‖h‖X(0,∞)≤1
‖T γ
n
h‖X(0,∞)
∥∥∥∥∫ ∞
t
f∗(s)s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
.
By the definition of K, we arrive at
τ(f) ≤ K
∥∥∥∥∫ ∞
t
f∗(s)s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
,(4.35)
and the desired equivalence is established.
Now we shall prove that τ is an r.i. norm. We first note that the function s 7→ s γn (PT γ
n
h)(s) is always
nonincreasing on (0,∞), regardless of h. This follows from the easily verified fact that the expression
s
γ
n (PT γ
n
h)(s) is a constant multiple of the integral mean over the interval (0, s) of the obviously nonincreasing
function t 7→ supt≤y<∞ y
γ
nh∗(y) with respect to the measure dµ(t) = t−
γ
n dt. Therefore, (2.1) and Hardy’s
lemma yield
τ(f + g) = sup
‖h‖X(0,∞)≤1
∫ ∞
0
(f + g)∗(s)(PT γ
n
h)(s)s
γ
n ds
≤ sup
‖h‖X(0,∞)≤1
∫ ∞
0
f∗(s)(PT γ
n
h)(s)s
γ
n ds+ sup
‖h‖X(0,∞)≤1
∫ ∞
0
g∗(s)(PT γ
n
h)(s)s
γ
n ds
= τ(f) + τ(g).
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All the other properties in (P1) as well as (P2), (P3) and (P6) are readily verified. We shall show (P4). Let
E ⊂ (0,∞) be of finite measure and denote a = |E|. By (4.35), one has
τ(χE) ≤ K
∥∥∥∥∫ ∞
t
χ∗E(s)s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
= K
∥∥∥∥χ(0,a)(t)∫ a
t
s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
≤ Kn
γ
a
γ
n
∥∥χ(0,a)∥∥X′(0,∞) ,
and so
τ(χE) ≤ Kn
γ
a
γ
n
∥∥χ(0,a)(t)∥∥X′(0,∞) <∞
by the property (P4) for X ′(0,∞). It remains to verify (P5). Let f ∈ M(Rn) and let E ⊂ Rn be of finite
positive measure. Denote a = |E|. Then, by the monotonicity of the function s 7→ s γn (PT γ
n
h)(s) on (0,∞),
we have
τ(f) = sup
‖h‖X(0,∞)≤1
∫ ∞
0
f∗(s)(PT γ
n
h)(s)s
γ
n ds ≥ sup
‖h‖X(0,∞)≤1
∫ a
0
f∗(s)(PT γ
n
h)(s)s
γ
n ds
≥ sup
‖h‖X(0,∞)≤1
a
γ
n (PT γ
n
h)(a)
∫ a
0
f∗(s) ds.
Now let us take h0 =
χ(0,a)
‖χ(0,a)‖X(0,∞) . Then ‖h0‖X(0,∞) = 1, whence
sup
‖h‖X(0,∞)≤1
a
γ
n (PT γ
n
h)(a) ≥ a γn (PT γ
n
h0)(a)
=
a
γ
n
−1
‖χ(0,a)‖X(0,∞)
a
γ
n
∫ a
0
s−
γ
n ds =
n
n− γ
a
γ
n
‖χ(0,a)‖X(0,∞)
.
Altogether, ∫
E
f(x) dx ≤
∫ a
0
f∗(s) ds ≤ n− γ
n
a−
γ
n ‖χ(0,a)‖X(0,∞)τ(f),
and (P5) follows. We have shown that τ is an r.i. norm. This entitles us to take Y = Y (τ ′).
We now claim that Mγ : X → Y . By (4.34) and since τ(f) = ‖f‖Y ′ for every f ∈M+(Rn), we have∥∥∥∥∫ ∞
t
f∗(s)s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
≤ ‖f‖Y ′ , f ∈M+(Rn).(4.36)
Let g ∈M+(0,∞) be nonincreasing. We define f(x) = g(ωn|x|n) for x ∈ Rn \{0}, where ωn is the volume of
the n-dimensional unit ball. Then f is defined almost everywhere on Rn and one has g ∼ f . Therefore, (4.36)
implies that ∥∥∥∥∫ ∞
t
g(s)s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
≤ ‖g‖Y ′(0,∞)
for every nonincreasing g ∈ M+(0,∞). Using the equivalence of (2.5) and (2.6) with the (nondecreasing)
function I(s) = s1−
γ
n , s ∈ (0,∞), we obtain that there exists a positive constant C such that∥∥∥∥∫ ∞
t
g(s)s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
≤ C‖g‖Y ′(0,∞), g ∈M+(0,∞).
By (2.8), this in turn gives∥∥∥∥t γn−1 ∫ t
0
g(s) ds
∥∥∥∥
Y (0,∞)
≤ C‖g‖X(0,∞), g ∈M+(0,∞).
Restricting this inequality to nonincreasing functions, we obtain that∥∥∥t γn g∗∗(t)∥∥∥
Y (0,∞)
≤ C‖g∗‖X(0,∞), g ∈M+(0,∞).
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Applying Lemma 4.10, we get that there exists a (possibly different) positive constant C such that∥∥∥∥ sup
t≤s<∞
s
γ
n g∗∗(s)
∥∥∥∥
Y (0,∞)
≤ C‖g∗‖X(0,∞), g ∈M+(0,∞).
Thus, by (4.1), one has
‖Mγf‖Y ≤ C
∥∥∥supt≤s<∞ s γn f∗∗(s)∥∥∥
Y (0,∞)
≤ C‖f∗‖X(0,∞) = C‖f‖X , f ∈ X,
whence Mγ : X → Y .
It remains to prove the optimality of the space Y . Assume that Mγ : X → Z for some r.i. space Z over
R
n. Then (4.32) holds thanks to the same argument as in the proof of Theorem 4.1, that is,∥∥∥∥∫ ∞
t
h(s)s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
≤ C‖f‖Z′ , h ∼ f.
Since f∗ ∼ f , this yields, in particular,∥∥∥∥∫ ∞
t
f∗(s)s
γ
n
−1 ds
∥∥∥∥
X′(0,∞)
≤ C‖f‖Z′.
This estimate combined with (4.35) yields
τ(f) ≤ KC‖f‖Z′, f ∈M+(Rn).
As τ(f) = ‖f‖Y ′ , this means that Z ′ →֒ Y ′, or Y →֒ Z, proving the optimality of Y . The proof is
complete. 
Proof of Theorem 4.5. Note that Lp,q;A is equivalent to an r.i. space under any of the assumptions thanks
to [60, Theorem 7.1].
Let us first treat the cases when T γ
n
: Lp,q;A(0,∞) → Lp,q;A(0,∞). To this end we have to investigate
when there exists a positive constant C > 0 such that∥∥∥∥t− γn sup
t≤s<∞
s
γ
n f∗(s)
∥∥∥∥
Lp,q;A
≤ C‖f‖Lp,q;A, f ∈M+(Rn).(4.37)
We first consider the case when q =∞. Then (4.37) reads as
sup
0<t<∞
t
1
p
− γ
n ℓA(t) sup
t≤s<∞
s
γ
n f∗(s) ≤ C sup
0<t<∞
t
1
p ℓA(t)f∗(t).(4.38)
One has
sup
0<t<∞
t
1
p
− γ
n ℓA(t) supt≤s<∞ s
γ
n f∗(s) = sup0<t<∞ t
1
p
− γ
n ℓA(t) supt≤s<∞ s
1
p ℓA(s)f∗(s)s
γ
n
− 1
p ℓ−A(s)
≤
(
sup0<t<∞ t
1
p ℓA(t)f∗(t)
)(
sup0<t<∞ t
1
p
− γ
n ℓA(t) supt≤s<∞ s
γ
n
− 1
p ℓ−A(s)
)
.
Thus, (4.38) is obviously satisfied if s 7→ s γn− 1p ℓ−A(s) is equivalent to a nonincreasing function. This happens
precisely if either p < nγ or p =
n
γ , α0 ≤ 0 and α∞ ≥ 0. It is easy to see that in all the remaining cases,
that is when either p > nγ or p =
n
γ and α0 > 0, or p =
n
γ , α0 ≤ 0 and α∞ < 0, the inequality (4.38) is false
as one can observe by plugging the function f∗ = χ(0,a) into the inequality for a ∈ (0, 1) or for a ∈ (1,∞),
respectively.
Now let us consider the case when q <∞. We recall that then (4.37) reads as(∫ ∞
0
t
− qγ
n
+ q
p
−1
ℓAq(t) sup
t≤s<∞
s
qγ
n f∗(s)q dt
)1
q
≤ C
(∫ ∞
0
f∗(t)qt
q
p
−1
ℓAq(t) dt
)1
q
(4.39)
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for some C > 0 and all f ∈M+(Rn). By [41, Theorem 3.2], (4.39) holds if and only if there exists a constant
K such that, for every τ ∈ (0,∞),
τ
γ
n
(∫ τ
0
t
− qγ
n
+ q
p
−1
ℓAq(t) dt
) 1
q
≤ K
(∫ τ
0
t
q
p
−1
ℓAq(t) dt
) 1
q
.(4.40)
Elementary calculation shows that (4.40) holds if and only if 1 ≤ p < nγ . Adding all conditions together we
infer that T γ
n
is bounded on the r.i. space Lp,q;A(0,∞) if and only if one of the conditions (4.10a), (4.10b)
or (4.10c) holds.
We are thus in a position to use Theorem 4.2 in these cases, hence the optimal range Y for the space
Lp,q;A with respect to Mγ satisfies
‖f‖Y ′ =
∥∥∥∥∫ ∞
t
f∗(s)s
γ
n
−1 ds
∥∥∥∥
(Lp,q;A)′
.
Now we have by [60, Theorems 6.2 and 6.6] that (Lp,q;A)′ = Lp′,q′;−A, so we in fact get
‖f‖Y ′ =
∥∥∥∥∫ ∞
t
f∗(s)s
γ
n
−1 ds
∥∥∥∥
Lp′,q′;−A
,
that is,
‖f‖Y ′ =
∥∥∥∥t 1p′− 1q′ ℓ−A(t)∫ ∞
t
f∗(s)s
γ
n
−1 ds
∥∥∥∥
Lq′(0,∞)
.
When p = 1, q = 1, α0 ≥ 0 and α∞ ≤ 0, this establishes the assertion in the case (4.10c). In the particular
case A = [0, 0] we have
‖f‖Y ′ = sup
0<t<∞
ℓ−A(t)
∫ ∞
t
f∗(s)s
γ
n
−1 ds =
∫ ∞
0
f∗(s)s
γ
n
−1 ds = ‖f‖
L
n
γ ,1
,
hence Y = L
n
n−γ
,∞. To prove the assertion, our next step will be to simplify the expression for ‖f‖Y ′ if one
of the conditions (4.10a) or (4.10b) holds. We start with the lower bound. One has, by monotonicity of f∗,
the change of variables and elementary estimates,
‖f‖Y ′ ≥
∥∥∥∥t 1p′− 1q′ ℓ−A(t)∫ 2t
t
f∗(s)s
γ
n
−1 ds
∥∥∥∥
Lq′ (0,∞)
≥ c
∥∥∥t 1p′− 1q′+ γn ℓ−A(t)f∗(2t)∥∥∥
Lq′(0,∞)
≥ c′
∥∥∥t 1p′− 1q′+ γn ℓ−A(t)f∗(t)∥∥∥
Lq′(0,∞)
= c′‖f‖Lr′,q′;−A ,
where c, c′ are positive constants independent of f and r is such that 1r′ =
1
p′ +
γ
n . We shall show however
that the converse inequality holds as well. First let q = 1. Then
‖f‖Y ′ = sup
0<t<∞
t
1
p′ ℓ−A(t)
∫ ∞
t
f∗(s)s
1
p′
+ γ
n ℓ−A(s)s−
1
p′
−1
ℓA(s) ds
≤ ‖f‖Lr′,q′;−A sup
0<t<∞
t
1
p′ ℓ−A(t)
∫ ∞
t
s
− 1
p′
−1
ℓA(s) ds
≈ ‖f‖Lr′,q′;−A .
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Now assume that 1 < q ≤ ∞. Then, by the classical Hardy inequality (see e.g. [53]), we get that there exists
a positive constant C such that
[ll]
∥∥∥∥t 1p′− 1q′ ℓ−A(t)∫ ∞
t
g(s) ds
∥∥∥∥
Lq′(0,∞)
≤ C
∥∥∥t 1p′− 1q′+1ℓ−A(t)g(t)∥∥∥
Lq′ (0,∞)
, g ∈M+(0,∞).
Given f ∈M, we set g(t) = f∗(t)t γn−1, t ∈ (0,∞), which leads to
‖f‖Y ′ ≤ C‖f‖Lr′,q′;−A ,
hence, altogether, Y ′ = Lr′,q′;−A. Since 1 < r′ <∞, we have, by [60, Theorems 6.2 and 6.6], that Y = Lr,q;A,
establishing the assertion.
We shall now treat the case (4.10e). The general formula follows directly by (4.4) of Theorem 4.1 and the
definition of the norm of Lp,q;A. Note that since T γ
n
is not bounded on Lp,q;A in this case, the supremum in
(4.4) is essential and cannot be avoided by setting h = f∗ as follows from Theorem 4.7.
Let us now focus on the special case when A = [0, 0]. We denote the optimal partner for L
n
γ
,q
with respect
to Mγ by Y . Our aim is to show that Y = L
∞ or, equivalently, that Y ′ = L1. We first notice that L1 is
(up to equivalence) the only r.i. space whose fundamental function, denoted by ψ, satisfies ψ(t) = t. Indeed,
assume that X has such a fundamental function. Then
‖f‖Λ(X) =
∫ ∞
0
f∗(t)dψ(t) = ‖f‖L1
and
‖f‖M(X) = sup
t∈(0,∞)
ψ(t)t∗∗(t) = sup
t∈(0,∞)
∫ t
0
f∗(s)ds = ‖f‖L1 .
Consequently, by [8, Chapter 2, Theorem 5.13], we have Λ(X) = X = M(X), hence X = L1. Therefore, it
is enough to verify that the fundamental function of Y ′, ϕ, say, satisfies ϕ(t) ≈ t for t ∈ (0,∞). As for the
proof of the lower bound, we make use of the same calculation as in (4.31) with f = χE and |E| = t. We
obtain
‖χE‖Y ′ ≥ Cn,γ t
γ
n ‖χ(0,t)‖(
L
n
γ ,q(0,∞)
)
′ , t ∈ (0,∞),
which, thanks to (2.4), can be rewritten as
ϕ(t) ≥ Cn,γ t
1+ γ
n
‖χ(0,t)‖Lnγ ,q(0,∞)
, t ∈ (0,∞),
and the estimate then follows since the fundamental function of L
n
γ
,q is t
γ
n . To prove the converse inequality,
let us use the same upper bound which appears in the proof of the validity of (P4) in the proof of Theorem 4.1.
Observe that (4.29) now holds on the whole of (0,∞) and hence we get (4.30) also for all sets E with |E| < 1.
That gives the desired relation ϕ(t) ≤ Cn,γt, t ∈ (0,∞). 
5. The Hilbert transform
A very important example of a singular integral with odd kernel is the Hilbert transform, defined for appro-
priate functions on R by
Hf(x) = lim
ε→0+
1
π
∫
|x−t|≥ε
f(t)
x− t dt.
This operator is defined for every function f : R → R for which the integral converges almost everywhere.
The Hilbert transform arises in the study of boundary values of the real and imaginary parts of analytic
functions. It is a cornerstone of several important disciplines including real and complex analysis and the
theory of PDEs. In this section we shall study its sharp boundedness properties on r.i. spaces over R. A
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key technical background tool will be the Stieltjes transform, S, which is defined for every nonnegative
measurable function f on (0,∞) by
(Sf)(t) =
1
t
∫ t
0
f(s) ds+
∫ ∞
t
f(s)
ds
s
, t ∈ (0,∞).
It might be useful to note that
S = P +Q = P ◦Q = Q ◦ P.(5.1)
Whenever we say that the Hilbert transform is bounded from a function space X to a function space Y , we
implicitly assume that H is well defined for every f ∈ X, that is, f ∈ L1loc(R) and the limit in the definition
of Hf exists for a.e. x ∈ R. Let us recall that, by [8, Chapter 3, Theorem 4.8], a sufficient condition for the
existence of this limit, for a given M(R), is
(Sf∗)(1) <∞.(5.2)
Our main result in this section reads as follows.
Theorem 5.1. Let X be an r.i. space over R such that
η ∈ X ′(0,∞),(5.3)
where
η(t) = χ(0,1](t)(1 − log t) + χ(1,∞)(t)
1
t
, t ∈ (0,∞).(5.4)
Define the functional σ by
σ(f) = ‖Sf∗‖X′(0,∞) , f ∈M+(R).
Then σ is an r.i. norm and
H : X → Y,(5.5)
where Y = Y (σ′). Moreover, Y is the optimal (smallest) r.i. space for which (5.5) holds.
Conversely, if (5.3) is not true, then there does not exist an r.i. space Y for which (5.5) holds.
For the optimal domain, we have the following result. Again, the proof is analogous to the appropriate
proofs above, and therefore omitted.
Theorem 5.2. Let Y be an r.i. space over R such that
η ∈ Y (0,∞),(5.6)
where η is the function from (5.4). Define the functional σ by
σ(f) = ‖Sf∗‖Y (0,∞) , f ∈M+(R).
Then σ is an r.i. norm and
H : X → Y,(5.7)
where X = X(σ). Moreover, X is the optimal (biggest) r.i. space for which (5.7) holds.
Conversely, if (5.6) is not true, then there does not exist an r.i. space X for which (5.7) holds.
We provide several examples of the optimal range partners for Lorentz-Zygmund spaces with respect to
the Hilbert transform. The proof is similar to that of Theorem 3.3 and therefore omitted.
Theorem 5.3. Assume that p, q ∈ [1,∞], A ∈ R2. Then
H : Lp,q;A →

L1,1;A−1, p = 1, q = 1, α0 ≥ 1, α∞ < 0,
Lp,q;A, 1 < p <∞,
Y, p =∞, q = 1, α0 < −1, α∞ ≥ 0 or
p =∞, 1 < q <∞, α0 + 1q < 0, α∞ + 1q′ > 0,
L∞,∞;A−1, p =∞, q =∞, α0 ≤ 0, α∞ > 1,
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where Y is defined by its associate space Y ′ whose norm is given by
‖f‖Y ′ =
∥∥∥∥∫ ∞
t
f∗∗(s)
ds
s
∥∥∥∥
L(1,q
′;−A−1)
, f ∈M+(R).
These spaces are the optimal range partners with respect to H.
At the end of this section, we aim to prove Theorem 5.1. We start with a lemma which recalls a well-known
fact. We insert a short proof for the sake of completeness.
Lemma 5.4. Let X and Y be r.i. Banach function spaces over R. Assume that (5.2) is satisfied for every
f ∈ X. Then the Hilbert transform H is bounded from X to Y if and only if the Stieltjes transform S is
bounded from X(0,∞) to Y (0,∞).
Proof. Assume first that H is bounded from X to Y . Fix a function f ∈M+(0,∞) such that (Sf∗)(1) <∞.
Then, by a simple modification of [8, Chapter 3, Proposition 4.10], there exists a function g ∈ M+(R),
equimeasurable with f , such that
(Sf∗)(t) ≤ 2π (Hg)∗ (t), t ∈ (0,∞).
Thus, by the property (P2) of Y , we have
‖(Sf∗)‖Y (0,∞) ≤ 2π‖(Hg)∗‖Y (0,∞).
By the rearrangement invariance of Y , this turns into
‖(Sf∗)‖Y (0,∞) ≤ 2π‖Hg‖Y .
It follows from the boundedness of H from X to Y that
‖Hg‖Y ≤ C‖g‖X
for some constant C, 0 < C < ∞, independent of g (hence of f). We thus get, altogether, using also the
definition of the representation space and the equimeasurability of f and g, that
‖(Sf∗)‖Y (0,∞) ≤ 2Cπ‖g‖X = 2Cπ‖g∗‖X(0,∞) = 2Cπ‖f∗‖X(0,∞).
In other words, S is bounded from X(0,∞) to Y (0,∞).
Conversely, assume that the Stieltjes transform is bounded from X(0,∞) to Y (0,∞). By an appropriate
modification of [8, Chapter 3, Theorem 4.8], there exists a positive constant C independent of f such that
(Hf)∗ (t) ≤ C(Sf∗)(t), t ∈ (0,∞).
We then get, similarly as above,
‖Hf‖Y = ‖(Hf)∗‖Y (0,∞) ≤ C‖(Sf∗)‖X(0,∞) ≤ C ′‖f∗‖X(0,∞) = C ′‖f‖X
for some suitable constant C ′, proving that H : X → Y . The proof is complete. 
Our next step will be a characterization of the optimal range partner with respect to the Stieltjes trans-
form.
Theorem 5.5. Let X be an r.i. Banach function space over (0,∞) such that
η ∈ X ′(0,∞),(5.8)
where η is the function from (5.4). Define the functional σ by
σ(f) = ‖Sf∗‖X′(0,∞) , f ∈M+(0,∞).
Then σ is an r.i. norm and
S : X → Y,(5.9)
where Y = Y (σ′). Moreover, Y is the optimal (smallest) r.i. space for which (5.9) holds.
Conversely, if (5.8) is not true, then there does not exist an r.i. space Y for which (5.9) holds.
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Proof. Consider the functional σ(f) = ‖Sf∗‖X′(0,∞), f ∈ M+(0,∞). We shall prove that σ is an r.i. norm.
As in the proof of Theorem 3.1, the axioms (P2), (P3) and (P6) for σ are clearly satisfied. The verification
of the triangle inequality is even easier than in the proof of Theorem 3.1. It follows from (5.1) that
Sf∗ = Qf∗∗, f ∈M(0,∞),(5.10)
which in conjunction with (2.2) immediately yields the triangle inequality for σ. As usual, all other properties
in (P1) are readily verified. Also the verification of (P5) is easy. In fact, it immediately follows from the
analogous property of the functional σ from Theorem 3.1, because, by (5.10), one has Sf∗ ≥ Qf∗. It only
remains to verify the validity of (P4). To this end, let E ⊂ R be a set of finite measure. We need to prove
that ‖Sχ∗E‖X′ <∞. Calculation shows that this is equivalent to saying that η ∈ X ′, a fact guaranteed by the
assumption. This shows (P4), and, consequently, it completes the proof of the fact that σ is an r.i. Banach
function norm.
We shall now prove that S : X → Y . The operator S is self-adjoint with respect to the L1-pairing in the
sense that ∫ ∞
0
(Sf)(t)g(t) dt =
∫ ∞
0
f(t)(Sg)(t) dt
for every admissible f and g. Hence, it suffices to prove that S : Y ′ → X ′. That, however, follows trivially
from the definition of Y ′.
The proof of optimality of the space Y as well as that of the nonexistence of an r.i. range partner for
X in case η /∈ X ′ is completely analogous to its counterpart from the proof of Theorem 3.1 and hence is
omitted. 
Finally, Theorem 5.1 immediately follows from Theorem 5.5 and Lemma 5.4.
6. The Riesz potential
Definition 6.1. Let 0 < γ < n. Then the Riesz potential of order γ, Iγ , of a measurable function f on R
n
is defined by
(Iγf)(x) =
∫
Rn
f(y)φ(x− y) dy, x ∈ Rn,
where
φ(y) = c(γ)|y|γ−n, c(γ) = Γ
(
n− γ
2
)(
π
n
2 2γΓ
(γ
2
))−1
.
We are going to make use of a special case of the O’Neil inequality. In its general form [59, Lemma 1.5],
it states that, for the convolution of two measurable functions f, g on Rn, defined by
(f ∗ g)(x) =
∫
Rn
f(x− y)g(y) dy, x ∈ Rn,
we have
(f ∗ g)∗∗(t) ≤ tf∗∗(t) +
∫ ∞
t
f∗(s)g∗(s) ds, t ∈ (0,∞).
With the particular choice
g(x) = |x|γ−n, x ∈ Rn,
we obtain that
(Iγf)
∗(t) ≤ C
∫ ∞
t
f∗∗(s)s
γ
n
−1 ds, t ∈ (0,∞),
with some positive constant C, depending on γ and n, but independent of f and t.
This inequality is known to be sharp, but merely in a broader sense than, for example, the corresponding
estimate for the Hardy–Littlewood maximal operator. This was firstly observed by O’Neil in the final remark
of the paper [59], where it is pointed out that the inequality can be reversed when f, g are radially decreasing
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positive functions. Furthermore, by an appropriately modified argument from [35, Theorem 10.2(iii)]), we
get that, for every f ∈M(Rn), there exists a function g ∈M(0,∞) equimeasurable with f such that
(Iγg)
∗(t) ≥ c
∫ ∞
t
f∗∗(s)s
γ
n
−1 ds, t ∈ (0,∞),
with some constant c, 0 < c <∞, depending on γ and n, but independent of f and t.
We shall now turn our attention to a weighted version of the Stieltjes transform, which plays a key role
in the matter of optimal spaces for the Riesz potential.
Definition 6.2. Let α ∈ (1,∞). The weighted Stieltjes transform, Sα, is defined for every nonnegative
measurable function f on (0,∞) by
(Sαf)(t) = t
1
α
−1
∫ t
0
f(s) ds+
∫ ∞
t
f(s)s
1
α
−1 ds, t ∈ (0,∞).
We note that, for every admissible f and t, one has
(Sαf)(t) = cα
∫ ∞
t
(Pf)(s)s
1
α
−1 ds,
where cα =
α−1
α .
Our main result of this section reads as follows.
Theorem 6.3. Let γ ∈ (0, n) and let X be an r.i. space over Rn such that
ξn
γ
∈ X ′(0,∞),(6.1)
where, for α > 0,
ξα(t) = (t+ 1)
1
α
−1, t ∈ (0,∞).(6.2)
Define the functional σ by
σ(f) =
∥∥∥Sn
γ
f∗
∥∥∥
X′(0,∞)
, f ∈M+(Rn).
Then σ is an r.i. norm and
Iγ : X → Y,(6.3)
where Y = Y (σ′). Moreover, Y is the optimal (smallest) r.i. space for which (6.3) holds.
Conversely, if (6.1) is not true, then there does not exist an r.i. space Y for which (6.3) holds.
As in the preceding sections, we also characterize optimal domains. We also omit the proof since it is
analogous, again, to that of Theorem 3.2.
Theorem 6.4. Let γ ∈ (0, n) and let Y be an r.i. space over Rn such that
ξ γ
n
∈ Y (0,∞),(6.4)
where ξα is the function from (6.2). Define the functional σ by
σ(f) =
∥∥∥Sn
γ
f∗
∥∥∥
Y (0,∞)
, f ∈M+(Rn).
Then σ is an r.i. norm and
Iγ : X → Y,(6.5)
where X = X(σ). Moreover, X is the optimal (biggest) r.i. space for which (6.5) holds.
Conversely, if (6.4) is not true, then there does not exist an r.i. space X for which (6.5) holds.
We use Theorem 6.3 to provide several examples of the optimal range partners for Lorentz-Zygmund
spaces with respect to the Riesz potential.
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Theorem 6.5. Assume that γ ∈ (0, n), p, q ∈ [1,∞], A ∈ R2. Then
Iγ : L
p,q;A →

Y1 p = 1, q = 1, α0 ≥ 0, α∞ ≤ 0,
L
np
n−γp
,q;A 1 < p < nγ ,
L∞,q;A−1 p = nγ , 1 ≤ q ≤ ∞, α0 < 1q′ , α∞ > 1q′ ,
L∞,q;[−
1
q
,α∞−1],[−1,0] p = nγ , 1 < q ≤ ∞, α0 = 1q′ , α∞ > 1q′ ,
Y2 p =
n
γ , q = 1, α0 < 0, α∞ = 0,
L∞,1;[−1,α∞−1],[−1,0],[−1,0] p = nγ , q = 1, α0 = 0, α∞ > 0,
L∞ p = nγ , q = 1, α0 ≥ 0, α∞ = 0,
Y3 p =
n
γ , q = 1, α0 > 0, α∞ > 0,
Y2 p =
n
γ , 1 < q ≤ ∞, α0 > 1q′ , α∞ > 1q′ ,
(6.6)
where
‖f‖Y2 = ‖f‖L∞ + ‖t−
1
q ℓα∞−1(t)f∗(t)‖Lq(1,∞),
‖f‖Y3 = ‖t−1ℓα0−1(t)f∗(t)‖L1(0,1),
and Y1 is defined by its associate space Y
′
1 whose norm is given by
‖f‖Y ′1 = sup
0<t<∞
ℓ−A(t)
∫ ∞
t
f∗∗(s)s
γ
n
−1 ds, f ∈M+(Rn).
In particular, if A = [0, 0], we have Y1 = L
n
n−γ
,∞.
Moreover, these spaces are the optimal range partners with respect to Iγ.
Proof. We note that Lp,q;A is equivalent to a rearrangement–invariant Banach function space due to [60,
Theorem 7.1] in all the cases.
Assume that p ∈ (1,∞) and q ∈ [1,∞]. By [60, Theorems 6.2 and 6.6], the associate space of Lp,q;A is
equivalent to Lp
′,q′;−A. We need to check when ξn
γ
∈ X ′(0,∞) is satisfied, that is, when∫ ∞
0
t
q′
p′
−1
ℓ−Aq
′
(t)(t+ 1)
γ−n
n
q′ dt <∞ if q ∈ (1,∞],
or when
sup
t∈(0,∞)
t
1
p′ ℓ−A(t)(t+ 1)
γ−n
n <∞ if q = 1.
It is easy to see that in the former case the integral is finite if and only if either
p ∈ (1, nγ )
or
p =
n
γ
and α∞ >
1
q′
,
while in the latter case the supremum is finite if and only if either
p ∈ (1, nγ )
or
p =
n
γ
and α∞ ≥ 0.
Henceforth, we assume that these conditions are satisfied. By the classical weighted Hardy inequality, there
is a positive constant C such that
‖Sn
γ
g∗‖p′,q′;−A = ‖t
1
p′
− 1
q′ ℓ−A(t)
∫ ∞
t
g∗∗(s)s
γ−n
n ds‖q′
≤ C‖t 1p′+ 1q ℓ−A(t)g∗∗(t)t γn−1‖q′ = C‖t
1
p′
+ γ
n
− 1
q′ ℓ−A(t)g∗∗(t)‖q′
= C‖g‖(r′,q′;−A),
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where 1p′ +
γ
n =
1
r′ , that is, r
′ = np(n+γ)p−n . The converse inequality
‖g‖(r′,q′;−A) ≤ C ′‖Sn
γ
g∗‖p′,q′;−A
for some positive C ′ follows immediately from the estimate
Sn
γ
g∗(t) =
∫∞
t g
∗∗(s)s
γ
n
−1 ds =
∫∞
t
1
s2−
γ
n
∫ s
0 g
∗(u) duds
≥ ∫ t0 g∗(u) du ∫∞t 1s2− γn ds = nn−γ t γn g∗∗(t).
If p ∈ (1, nγ ), then r′ ∈ (1, nγ ). By [60, Theorem 3.8], L(r
′,q′;−A) is equivalent to Lr′,q′;−A. Hence Y is equivalent
to Lr,q;A, where r = npn−γp ∈ ( nn−γ ,∞), by [60, Theorem 6.2]. If p = nγ , then r′ = 1. If q ∈ (1,∞) (and hence
q′ ∈ (1,∞)), we obtain (6.6) for q ∈ (1,∞) by virtue of [60, Theorem 6.7]. If q =∞ (and hence q′ = 1), we
combine [60, Theorem 3.8] with [60, Theorem 6.6] in order to prove (6.6) for q = ∞. If p = nγ , q = 1, and,
for instance, α0 = 0 and α∞ > 0, then, by the computations above, ‖Sn
γ
g∗‖p′,q′;−A ≈ ‖g‖(1,∞;[0,−α∞]). Hence
(6.6) for this particular case follows from the description of the associate space of L(1,∞;[0,−α∞]) provided by
[60, Theorem 6.7]. The other cases when p = nγ and q = 1 can be proved similarly. In the remaining cases
the proof is analogous to that of Theorem 4.5. We omit the details. 
We finally note that the result stated in Theorem 6.3 follows in the usual way from the corresponding
result for the weighted Stieltjes transform. Its proof is analogous to that of Theorem 5.5.
Theorem 6.6. Let α ∈ (1,∞). Let X be a rearrangement-invariant Banach function space over (0,∞) such
that
ξα ∈ X ′(0,∞),(6.7)
where ξα is defined by (6.2). Define the functional σ by
σ(f) = ‖Sαf∗‖X′(0,∞) , f ∈M+(0,∞).
Then σ is an r.i. norm and
Sα : X → Y,(6.8)
where Y = Y (σ′). Moreover, Y is the optimal (smallest) r.i. space for which (6.8) holds.
Conversely, if (6.7) is not true, then there does not exist an r.i. space Y for which (6.8) holds.
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